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Preface 



These notes reproduce the contents of lectures given at the Tata Institute 
in January and February 1967, with some details added which had not 
been given in the lectures. The main result is the Hasse principle for 
the one-dimensional Galois cohomology of simply connected classical 
groups over number fields. For most groups, this result is closely related 
to other types of Hasse principle. Some of these are well known, in 
particular those for quadratic forms. Two less well known cases are: 

i) Hermitian forms over a division algebra with an involution of the 
second kind; here the result is connected with (but not equivalent to) a 
theorem of Landherr. The simplified proof of Landherr's theorem, given 
in §5.5, has been obtained independently by T. Springer; 

ii) Skew-hermitian forms over a quaternion division algebra; here 
a proof by T. Springer, different from the one given in the lectures in 
§5.10, is reproduced as an appendix. 

I wish to thank the Tata Institute for its hospitality and P. Jothilingam 
for taking notes and filling in some of the details. 

Martin Kneser 
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Chapter 1 

Galois Cohomology 



In this chapter we shall collect the fundamental facts about Galois Co- 1 
homology. Proofs are mostly straightforwards and therefore omitted. 
Moreover they can be found in the basic reference |[T9ll . 

1.1 Non-commutative cohomology 

Let G be a group operating on a set A; the image of (s, a) under the map 
G x A — » A defining the operation of G on A will be denoted by s a. A 
set is called a G-set if G acts on it. If the G-set A has in addition the 
structure of group and if the operation of G respects this structure then 
we say A is a G-group. 

Definition of H°(G,A): If A is any G-set then H°{G,A) is defined to 
be the set A G of elements left fixed by the operation of G on A, i.e. 
H°(G,A) = A G = {a € A\ s a = aVse G}. 

Definition of H\G, A): This definition will be given only for a G-group 
A. Accordingly let A be a G-group. A mapping s — > a s of G into A is 
said to be a 1-cocycle of G in A if the relation holds for all 

s,t e G. Two 1-cocycles (a s ) and (b s ) are said to be equivalent if for a 
suitable c e A the relation b s - c~ l a s s c holds for all s € G. This is an 
equivalence relation on the set of 1-cocycles of G in A. H l (G,A) is by 
definition the set of equivalence classes of 1-cocycles. If A is a commu- 2 
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tative group we have the usual definition of H'(G,A), i = 0, 1,2, 3, . . . 
by means of cocycles and coboundaries. We write it down here only for 
i - 2. If A is commutative the definitions of H'(G,A), i - 0, 1 given 
above coincide with the usual definition of these groups. 

Definition of H 2 (G,A): Here A is any commutative G-group. A 2- 
cocycle of G in A is a mapping (s, t) — > ci SJ of G x G into A satisfying 
the relation r ast a~} t a r<st a~\ - 1 for all r,s,teG. A 2-coboundary is 
a 2-cocycle of the form s c , c~} c s with c s e A. If the product of two 
cocycles (a SJ ) and (b Stt ) is defined as {a SJ b SJ ) the 2-cocycles will form 
a multiplicative group and the 2-coboundaries will form a subgroup; by 
definition the quotient group is then H 2 (G,A). 

Let A be a G-group and B an //-group. Two homomorphisms / : 
A -> B, g : H -» G are said to be compatible if f( g(s) a) =* (/(a)) holds 
for every s e H, a e A; if H - G and g is identity then / is said to 
be a G-homomorphism. Mapping a 1-cocycle (a s ) of G in A onto the 
1-cocycle (b s ) of H in B defined by b s = f(a g ( s )) induces a mapping 
H 1 (G,A) — > H l (H,B)\ this will be a group homomorphism in case A 
and B are commutative. If H is a subgroup of G and g is the inclusion the 
map H l (G,A) — > H l (H,B) defined above is called the restriction map. 
This definition can be carried over to higher dimensional cohomology 
groups when A and B are commutative. 
3 For non-commutative G-group A, the set H 1 (G,A) is not a group in 

general but it has a distinguished element namely the class of 1 -cocycles 
of the form b~ l s b, with b e A. The existence of this element enables 
one to define the kernel of a map H\G,A) -> H l (H, B) such as we have 
obtained above and also to attach meaning to the term 'exact sequence 
of cohomology sets'. 

1.2 Profinite groups 

Definition. A topological group G is said to be profinite if it is a projec- 
tive limit of finite groups the latter carrying discrete topology. 

A profinite group is then compact and totally disconnected, it pos- 
sesses a base of neighbourhoods of the identity formed by open normal 
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subgroups. Conversely if a compact topological group G has a base of 
neighbourhoods of 1 e G formed by open normal subgroups U then the 

quotients G/U are finite and G = limG/U; hence G is profinite. 

<— 

Let G be profinite and A any G-group with discrete topology. In 
such a case we shall always assume that the action of G on A is con- 
tinuous. This is equivalent to the requirement A = [JA U the union 

u 

being taken over the set of open normal subgroups U of G. We shall 
modify the definition of H\G,A) in this case by requiring the cocy- 
cles to be continuous. In the sequel this new definition of H'(G,A) will 
be adhered to whenever we consider profinite groups G and G-sets. If 
U c V are open normal subgroups of G then the inclusion A v A u 4 
and natural projection G/U — > G/V are compatible, hence we get the 
induced map q v v : H\G/V,A V ) H\GIU,A U ) called inflation. The 
sets H'(G/U,A U ) together with the maps form an inductive system 
and H\G,A) = lim H i {G/U,A u ). 

1.3 Induction 

Let G be a profinite group, H an open subgroup of G and let B be any 
//-set. Let A denote the set of mappings a : G — > B which map s e G 
onto a(s) € B satisfying the condition a(ts) = 'a(s) for all t e //, s e G. 
A is made into a G-set by defining r a for a € A, r € G by the rule 
( r a)(s) = we then say that A is induced from B; more generally, 

we call every G-set A isomorphic to A a G - // induced set; if B is an 
//-group, A is a G-group. Suppose A is G - // induced from B so that we 
can identify A with A. Mapping a e A onto a(l) e 5 we get a mapping 
A = A — > B which is compatible with the inclusion H "=-» G; passing 
to cohomology we get a map H\G,A) — > //'(//, B) whenever //'(//, #) 
(and therefore H\G,A)) is defined. We then have the 

Lemma 1. TTze mapping H\G,A) — > H'(H, B) defined above is an iso- 
morphism. 

For commutative A and B, see HI 9V \J\ 92.51 For completeness sake, 
we give the proof for i = 0, 1 in f/je general case. 
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Proof. First let i - 0; if a e A G , (r a )(s) - a(s) for every, r,seG, taking 5 
j = lwe find that a is a constant function G — > B. Hence the mapping 
H°(G,A) — > H°(H,B) is injective. If c e B the constant function 
G — > B mapping every s e G onto c is an element of A G ; this shows 
that the mapping in question is also surjective and hence bijective. □ 

Now let i - 1; suppose two elements (a r ), (b r ) of H l (G,A) have 
the same image under the mapping H l (G,A) — > H l (H,B); then for a 
suitable c e B we must have a r (l) = c -1 & r (l)r c for all r € H. Now we 
find an element d e A with <f(l) = c by taking a set of representatives 
of gH including 1 and mapping 1 onto c and the other representatives 
onto arbitrarily chosen elements of B; replacing the cocycle b r by the 
equivalent cocycle d~ 1 b r r c i we can assume a r {\) - ^r(I) for all r e H. 
Using the cocycle condition we have for all r,s,teG 

a rs (t) = a r (t)r as (t) - a r (t)a s (tr) 
b rs (t) = b r (t)r hs (t) = b r (t)b s (tr) 

Setting r = r 1 in (1) and (2) we get a r i s (t) = a r i (t)aAl) and b r i s (t) = 
b r \{t)b s {\); since a s (l) = b s {\) for all s € H we get a t -i s (t)b t -i s (t) = 
a r i(t)b r i(f) holding for all s € H; hence if we define c(t) € B for every 
t e G by the rule c(f) = b t -\{t)a t -\{f) then by what precedes we get for 

s e H,c(st) = b r i s -i(st)a r i s -i(sty l - s b r i s -i(t) s a r i s -i(t)~ l - 
= s (Vi,-i(0a r i*-iW -1 ) ^ s {b r i{t)a r i{ty l ) = s c{t), 

6 and hence c belongs to A. Given elements r and t in G choose s e G 
such that = 1 ; then we have 

a rs (t) = a t -i(t) = c{ty l b r i{t) = c(ty l b rs (t) 
and a s (tr)~ l - a r -\ r \(try l = b r -i r i(tr)~ l c(tr) = b s {tr)~ l c{tr). 

From equations (1) and (2) together with the foregoing it follows 
that a r {t) = a rs (t)a s (try l - c{ty l b rs {t)b s {tr)~ l c{tr) = c(ty l b r (t) r c(t) 
i.e. a r = c~ 1 b r r c , hence the cocycles a r and b r are equivalent; this means 
that the mapping H l (G,A) — > H l (H,B) is injective. Now suppose b = 
(b s ) € H l {H, B) is given. Let V be a system of right representatives of 
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G mod H, v(s) the representative in V of the coset Hs, and therefore 
w(s) = sv(s)- 1 e H. Define a s : G -> A by a v (f) = w( ' v) fe^)*)- It is 
straight forward to verify that a v (f) is indeed an element of A and that 
(a s ) is a 1-cocycle of G in A whose image is (b s ) under the mapping 
H l (G,A) — > H l (H,B); this proves the surjectivity and so bijectivity of 
the mapping in question. 

Remark. If B is a //-group and A is G - H induced from B (so that A 7 
is a G-group) then the projection A — > B induces an isomorphism of B 
with the subgroup of those a e A which are equal to 1 outside H; if we 
identify B with this subgroup, then sb depends only on the coset Hs and 
we have A = Y\ The converse is also true, i.e. we have the lemma 

seH/G 

whose proof is straight forward and so omitted. 

Lemma 2. A G-group A is G - H induced if and only if there exists an 
H -subgroup B of A such that A is the direct product of the subgroups 
s B(s e H/G). 

1.4 Twisting 

In the sequel we shall be considering a G-group A and a G-set E on 
which A operates; for x e A and a e E we denote by x.a the result 
of operating x on a. We assume that the action of A on E satisfies the 
condition \x.a) - s x .s a for s € G, x e A and a € E. If E, F are G-sets 
and / : E — > F is a map of sets not necessarily of G-sets we define the 
map Sf : E -> F for s e G by the rule ( s f)(a) - s (f(s s a)) so that 
( s f)( s a) = s {f{a)); taking F - E this definition makes Aut E (the group 
of bijections of E onto itself as a set) into a G-group. Associating to 
x e A the automorphism of E defined by the action of x on E we get a G- 
homomorphism A — > Aw? E which induces a mapping of cohomologies 

H\G,A) -> H'(G,Aut E). 

If / : £ — > F is a bijection of G-sets then a v = y^ 1 o v / is a 1- 8 
cocycle of G in Awf changing / through and automorphism of E we 
get an equivalent cocycle. Hence any bijection / : E — > F modulo 
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automorphism of F defines an element of H (G,Aut F). Moreover if E 
and F carry additional structures and / preserves these then so does a s . 
Conversely starting with a G-group A, a G-set E on which A operates 
G-compatibly and a 1-cocycle (a s ) with values in A we can construct a 
G-set F and a bijection / : E — > F such that if Z? s denotes the image 
of a s under the mapping A — > Aut E then ft v = f~ l o s /. To do this 
we take F to be a copy of F with a bijection / : £ — > F namely the 
identity and define the operation of G on F by s (f(x)) = f(a/x) for 
x e E and s£ G; with this operation F is a G-set and F together with 
the mapping / : E — > F solves our problem. We then say that F is 
obtained from F by twisting with the cocycle (a s ) and denote it by a E; 
replacing a s by an equivalent cocycle changes / by an automorphism of 
F. If F has in addition algebraic structures and a s preserves these then 
the twisted set a E will carry the same algebraic structures. In particular 
taking E - A and operating A on itself by inner automorphisms we get 
a twisted group a A; again if A carries additional algebraic structures and 
a s preserves these then a A will carry the same algebraic structures. 

Example. ( flSI X §2, ED III §1.1). Let us consider the universal do- 
9 main Q. in the sense of algebraic geometry and select a ground field K; 
let V be a D-vector space. We say that V is defined over K if there is 
given a F-subspace Vk of V such that V = Vk ®>k As in algebraic 
geometry we shall say that Vk is the space of F-rational points on V. 
Let I be a finite Galois extension of K with Galois group gL/K', then 
gL/K act s on Vl = Vk ®k L by the rule "{a ® x) = a ® iS x if a € Vk, 
x e L and s e gL/K- Let (Aut V)i denote the group of L-linear automor- 
phisms of Vl- Suppose (a s ) is a 1-cocycle of gL/K in (Awf V)l- We can 
then twist the vector space Vl by the 1-cocycle a = (a^) to get a new F- 
vector space, say V with the same underlying set as Vl- If now W is the 
fixed space of V under the twisted action of gL/K then it is well known 
that W is a F-space and that V = W ®k L. Suppose t,f ,. . . are given 
tensors in the tensor space T(Vk) of Vk- If these tensors are invariant 
under the canonical extensions of all the a s to T(V£) = T(Vk) ®k L, 
denoting by i : V — > V the identity map and its extension to T(V) the 
tensors i(i),i(f) ... are then invariant under the twisted action of gL/K 
so that they belong to T(W). This shows for example that if we have a 
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hermitian or quadratic form on Vl defined over K and that if they are 
invariant under all the automorphisms a s then the twisted space V will 
also carry a hermitian or quadratic form defined over K. Again if V is 
an algebra with involution and if all the automorphisms a s preserve the 
algebra structure and the involution then the twisted space will be an 
algebra with involution. 

Let A be a G-group, (a s ) a 1-cocycle of G in A. 10 

Lemma. There exists a bijection of H l (G, a A) onto H X (G,A) which 
maps the class of (1) onto the class (a s ). 

Proof. Identify the set a A with A by means of the bijection / : A — > a A 
and map the 1-cocycle (b s ) of G in A onto the 1-cocycle (b s ,a s ) of G 
in A. This gives a mapping of H l (G, a A) into H X {G,A) which takes the 
distinguished element of H l (G, a A) onto the cocycle (a s ). This mapping 
has an inverse defined by (c s ) — > (c s .a~ l ) where c s is a 1-cocycle of G 
in A. This proves the lemma. □ 



This can be seen in another way as follows: Let F be a set with 
some structure whose automorphism group is A. The twisted group a A 
acts naturally on the twisted set a F. Moreover a A will be the auto- 
morphism group of a F. Hence the elements of H l (G, a A) correspond 
bijectively with G-isomorphism classes of G-sets E (with structure) for 
which there is an isomorphism h : a F — > E; let g : F — > a F be the 
bijection corresponding to a. Then ho g : E — > E will determine an el- 
ement of H l {G,A), the corresponding cocycle will be (hog)~ 1 o s (hog) = 
g~ l oh~ l o s ho s g = g~ l ob/g = f (b s ) • a s where (b s ) is the 1-cocycle of 
G in a A corresponding to h : a F —> F and / is the bijection / : A — > a A 
corresponding to the twisting by a. This process in naturally reversible 
and so we get a bijection of H 1 (G, a A) onto H l (G, A). Evidently the dis- 
tinguished element (1) of H l (G, a A) goes onto (a s ) under this mapping. 

Let A, B be G-groups and g : A — > B be a G-homomorphism. If (a s ) 11 
is a 1-cocycle of G in A define b s - g(a s ); then (b s ) is a 1-cocycle of G 
in B and g induces a G-homomorphism also denoted by g of a A into b B . 
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The commutative diagram 




aA b B 

gives rise to the following commutative diagram: 
H\G,A) ^H\G,B) 



H\G, a A) 



H\G, b B) 



1.5 Exact Sequences 

In what follows A, B, C will be G-groups and homomorphisms will be 
G-homomorphisms 

a) Let A — > B be a monomorphism of G-groups. Let B/A be the ho- 
mogeneous space of left cosets of B in A; this is a G-set and one can 
define H°(G, B/A). Given an element in H°(G, B/A) choose a repre- 
sentative b of it in B; define a s = b~ ls b; then a s e A and (a s ) is a 
1-cocycle of G in A; moreover (a s ) depends only on the element of 
H°(G, B/A) under consideration and not on the particular represen- 
12 tative chosen. In this way we get a map 5 : H°(G, B/A) — > H l (G, A). 

Then the following sequence with maps the natural ones and 6 as 
defined above, is exact: 



1 ^ H°(G,A) H°(G,B) -> H°(G,B/A) -> H l (G,A) -> H\G,B). 



b) Let A be a normal subgroup of B and let C = B/A; then C is a G- 
group and the exact sequence 1— >A— >B— >C— >1 gives rise to an 
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exact cohomology sequence 

1 -> H°(G,A) -> H°(G,B) -> H"(G,C) -» H l (G,A) 
-> H l (G,B) -> H\G,C) 

here the definition of 6 is the same as before and all other maps are 
natural ones. 

c) Let A be a subgroup of the centre of B so that H 2 (G,A) is defined. 
As in b) we let C — B/A. We can then define a map d : H\G,G) -> 
H 2 (G,A) which will make the following sequence exact: 

1 -» H°(G,A) -» H"{G,B) -> H"{G,C) ^ H\G,A) -> H l {G,B) 
-» H\G,C) ^ H 2 (G,A). 

The map <5 is the same as in a) and the maps other than 5, 3 are the natural 
ones. The definition of 3 is as follows: let c - (c,) € /^(G, C) be given; 
hft c to a mapping & : G — > B (if G is profinite this lift can be chosen 
to be continuous which we assume is done); define a s j = b s s b t b~J; then 
a SJ e A and is a 2-cocycle of G in A whose class is by definition dc. 

The proofs of the above exact sequences and the propositions below 
will be found in HT9l 78 5. 

Let B be a G-group and A a G-subgroup of B; the injection of A 13 
in B gives rise to a map H\G,A) -» H l (G,B); let (&,) € H l {G,B) be 
given. Then we have the following proposition 

Proposition 1. In order that (b s ) may belong to the image of H l (G,A) 
under the above map it is necessary and sufficient that the twisted ho- 
mogeneous space b(B/A) has an element invariant under G. 

Suppose B is a G-group, A a G-subgroup of B contained in the 
center of B; then we have the exact sequence 1— >A— >B— >C— »1, 
where C = B/A; let (a s ) be a 1-cocycle of G in C. The group C operates 
on B through inner automorphisms by a system of representatives of 
B/A. Hence we can twist both C and B by the cocycle (a s ); the twisted 
group a A will be A itself since A is central. The sequence 1 — > A — > a 
B — » u C — > 1 is then exact. 
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1.6 Galois Cohomology 

Let A be an algebraic variety defined over a field K; let L/K be a Galois 
extension finite or infinite. If Al denotes the set of points of A ratio- 
nal over L then the Galois group gL/K of L/K acts on Al; this action 
moreover is continuous, since any L-rational point of A generates a fi- 
nite extension of K and so Al = UAm, the union being taken over the 
set of subfields M of L containing K such that [M : K] < oo. If A is 
an algebraic group then since group multiplication is a morphism de- 

14 fined over K, the set Al is a group; we are interested in the study of 
fP(gL/K,A L ) which is also denoted by H'(L/K,A) or by H'(K, A) if L is 
the separable closure K s of K. We shall be dealing only with fields of 
characteristic so that K s = K, the algebraic closure of K. Obviously 
H°(L/K,A) = A K . HA,B,C are algebraic groups defined over K and 
if we have morphisms / : A — > B, g : B — > C defined over K then 

/ 8 

we shall say that 1— >A— >B— >C— >lisan exact sequence if the 
following sequence 1 — > Aj> — > B% — > Cj> — > 1 induced by it is exact 
in the usual sense. One should note that this is not a good definition 
in the case of characteristic + 0. Suppose 1— >A— >C— >1 
is a sequence of morphisms of algebraic groups and that the induced 
sequence 1 — > Al — > Bl — » Cl — » 1 is exact. Then we get an ex- 
act sequence \ ^ A K ^ B K ^ C K ^ H l (L/K,B) -> H l (L/K,C)- 
In particular ifl— >A— >C— >lis exact then the sequence 
1 -» A^ -» -» C £ -» tfH^.A) H\K,B) H l {K,C) is exact. 

Let A, B be algebraic varieties defined over K and let / : A — > B 
be an isomorphism defined over L. Then with the usual notations a s = 
f~ l o s f is a 1-cocycle of G in the group (Aut A)l of automorphisms of A 
defined over L. Suppose we fix A. An algebraic variety B defined over 
K and isomorphic to A over L is called a L/K-form of A, or simply a 
i^-form. We have seen that any L/K-form of A determines a 1-cocycle 

15 of gL/K in (Aut A)l- If two L/K-forras, are ^-isomorphic it is easy to 
see that the 1-cocycles defined by them are equivalent. Conversely it 
can be proved that if A is quasi projective (i.e. isomorphic to a locally 
closed subvariety of some projective space) then any 1-cocycle of gL/K 
in (AutA)^ defines a L/K-form and that equivalent 1-cocycles define K- 
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isomorphic forms. Hence we see that H (L/K, Aut A)) is isomorphic 
to the set of /^-isomorphic classes of L/K-forms of A, in case A is quasi 
projective [S 2 ] III §1.3, [W { ]. 

If A is an algebraic group defined over K, by an L/K-form of A 
we mean an algebraic group defined over K and isomorphic to A as an 
algebraic group over L. Again let V be a vector space defined over K 
and x a certain tensor of type (p.q) defined over K. By an L/K-form 
of (V, x) we mean a pair (W, y) formed by a /C- vector space W, a tensor 
y of type (p,q) of W such that there exists an L-linear isomorphism 
/ : V ®a: L — > W ®k L for which f(x) = y; here x, y are considered as 
tensors in V®kL and W®kL respectively through the natural maps V — > 
V® K L,W -^W® K L. Here again if L/K is Galois H\L/K, Aut V) L ) is 
bijective with the set of ^-isomorphism classes of L/K-forms, of (V, x). 

Change of Base. Let A be an algebraic group defined over K; let L/K 
be a Galois extension and K' any extension of K. Let L' be a Galois 
extension of K' containing an isomorphic image of L which we identify 
with L. The canonical homomorphism gf/K' — > gL/K obtained by re- 
striction of ^'-automorphisms of L' to L is compatible with the injection 16 
A L A L , and so we get an induced map H l (L/K,A) H\L'/K'A). If 
now L is the separable closure of K, L' that of K' there exists an injec- 
tion L — » L' and again L can be assumed to be contained in L' . By what 
precedes we then get a map H l (K,A) — > H l (K',A); it can be proved 
that this mapping is independent of the particular imbedding of L in L' 
chosen (HI Z§ 4, flU 7/ § 1.1. 

1.7 Three Examples 

Example 1. Let A be a finite dimensional /^-algebra; for any extension L 
of K we denote by aA* L the group of units of the L-algebra Ai = A ®k L; 
if L/K is Galois then gL/K acts on A ®k L and hence it acts it acts on A* L . 
We claim that H (L/ K,A* L ) = 1. It is enough to give the proof for finite 
Galois extensions, since H l (L/K,A* L ) = UmH l (M/K, A* M ) the inductive 

M 

limit is with respect to inflation mappings and M runs through finite 
Galois extensions of K contained in L. We treat A as a right A-module 
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and consider the L/K forms of A; the L/K forms are right A-modules 
B of finite dimension over K such that Al = Bl this being a right Ax- 
module is given by left multiplication by an element of A* L we know 
from 1 1.61 that H (L/K,AV) is bijective with the ^-isomorphism classes 
of L/K forms of the right A-module A; hence we have only to verify that 

17 any L/K form B is isomorphic to A over K i.e. Bk = Ak = A. Now 
Bl = Bk ®k L = Al as right A^-modules. The A/-isomorphism Al = 
Bl being also an A/f-module isomorphism we get the A^-isomorphism 
[L : K]A K =[L : B]B K [L : A# stands for the direct sum of [L : 
K] copies of Ak). Since Ak and Bk are Artinian A^-modules Krull - 
Schmidt theorem applies so that Ak and Bk must have isomorphic in 
decomposable components. Hence Ak = Bk as A^-modules. 

Example 2. Let ^ be a field and A = X 71 , the direct sum of n copies 
of K considered as a ^-algebra; the only ^-algebra automorphisms of 
A K correspond to permuting the components so that (AutA) K = y n the 
symmetric group on n symbols; the action of g K i K is trivial on {AutA)- k 
so that any 1-cocycle of g K i K in {AutA)- k is actually a group homomor- 
phism of g K /K mto Yn- We contend that H l {K,y n ) is bijective with the 
isomorphism classes of commutative separable ^-algebras of degree n. 
Because we noted in 11.61 that H Y (K,AutA) is isomorphic to the set of 
A'-isomorphism classes of A'-forms of A, we have only to prove that 
A'-forms of the algebra A = K n are exactly the commutative separable 
^-algebras of degree n, i.e. that a commutative ^-algebra B of degree 
n is separable if and only if B ® K = K"; but this is well known (|f2l 
Chap. 8). 

Example 3. Let <S be a non-degenerate quadratic form on a finite dimen- 
sional ^-vector space V; then <S corresponds to a tensor of type (2, 0). 

18 In this case for any extension L of K, (AutV)L i.e. the group of L-linear 
automorphisms of V fixing the tensor in the notation of ll.6l is iust the or- 
thogonal group of W considered as quadratic form over Vl', let us denote 
the latter by o{^)l- o(W)l- is an algebraic group defined over K. By 
the considerations of ll.6l for any Galois extension L/K, H l {L/K, 0{^ l )) 
is bijective with the ^-equivalent classes of quadratic forms which be- 
come isometric to £f when we extend the scalars to L.Over the alge- 
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braic closure K of K any quadratic form Q has the orthogonal splitting 
Vjj - Kx\ ± Kx2 ± .. . ± Kx n with Q{x{) - 1 for all i; this is because 
if we take any orthogonal splitting = Kyi ± Ky>2 + • • • + Ky n with 

yi y2 yn - 

Q(yd = a; then (— — , — — , . . . , — — ) will be an orthogonal ^T-basis 

with the desired properties. Hence any two quadratic forms on V% are 
equivalent. This shows that H l (K, 0(&)) is just the set of ^-equivalent 
classes of quadratic forms. Again any nondegenerate skew-symmetric 
bilinear form on V is given by a tensor of type (2, 0) and the correspond- 
ing algebraic group is the symplectic group S p ; here the dimension of 
V must be even since the form is assumed to be non-degenerate; let 
dim V = 2n; then it is well known that the matrix of the form can be 

brought to the form | ^ by a change of basis. Hence any two 

non-degenerate skew-symmetric bilinear forms on V are ^-equivalent. 
This implies that H l (K, S p) = (1) or H l (L/K, Sp) = (1) for any Galois 
extension L of K. 



Chapter 2 

Classical Groups 



Throughout the rest of these lectures we shall assume the characteristic 19 
of the ground field K to be zero. In the first three paragraphs of this 
chapter we collect the basic facts on semi-simple linear algebraic groups 
(basic references (61, Q). The last three paragraphs contain a survey of 
classical groups (O, E4lD . 

2.1 Linear algebraic groups 

By a linear algebraic group G over K we mean an affine algebraic variety 
G defined over K together with A'-morphisms G x G — > G denoted by 
(x,y) — > x.y and G — > G denoted by x — > x" 1 which satisfy the group 
axioms. Whenever we talk of open or closed sets in a variety we shall 
always assume that they are so in the Zariski topology. For any field of 
definition L the group of points of G rational over L will be denoted by 
G L . 

Example. G = GL n the general linear group; if Q. is the universal do- 
main over K this is the algebraic group GL n (£l) of non-singular n x n 
matrices with entries in Q. If x = (x,y) € GL n {Q) the mapping (x iy ) — » 
(xn,xi2, ....... x nn , (detx) -1 ) gives an imbedding of G in Q. n ' +l as a 

closed subvariety of Q. n ' +l , GL n is an algebraic group defined over the 
prime field and for any field L, (GL n )L - GL n (L). 
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20 Next if is a non-degenerate quadratic form over its orthogonal 
group 0(W) is a closed subgroup of GL n and is an algebraic group de- 
nned over K. It is known that any linear algebraic group is isomorphic 
(i.e biregular isomorphism) to an algebraic (i.e. closed) subgroup of 
GL n for some n. The connected component of the identity of the alge- 
braic group G is denoted by G ; G is a closed, normal and connected 
subgroup of G with [G : G ] < oo; conversely any closed normal and 
connected subgroup of G of finite index must be G . In the example 
above the connected component of the identity of 0(9?) is S o (£f ) the 
special orthogonal group of §f i.e. the subgroup of elements of O(^) 
with determinant l;S0(Sf) is of index two in O(^). For any linear al- 
gebraic group G there exists a unique maximal normal, connected and 
solvable subgroup G\, called the radical of G. We make the following 

Definition 1. A linear algebraic group G is said to be semi-simple if its 
radical G\ = {1}. 

Example 2. It is known that S L n . the subgroup of elements of GL n with 
determinant 1 is a semi-simple algebraic group. 

Example 3. The orthogonal group O(^) of a non-degenerate quadratic 
form in at least three variables is semi-simple. 

Let H be a connected linear algebraic group defined over K. Then 
we have the following 

21 Definition 2. A covering ofH is a pair (G,f), where G is a connected 
linear algebraic group and f : G — > H is a homomorphism (i.e. ratio- 
nal homomorphism) which is surjective and with finite kernel, (for the 
definition of surjectivity, exactness etc, see \1.6\) ; 

Definition. A linear algebraic group G is said to be simply connected if 
it is connected and every covering of it is an isomorphism. 

Remark 1. In the case of non-zero characteristic p, this definition is not 
reasonable; SL n would not be simply connected in the above definition 
because (xjj) — > (xf.) is surjective with finite kernel but is not an iso- 
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moiphism. But SL n is simply connected in the above definition if the 
characteristic is zero. 

Remark 2. If (G, f) is a covering of the connected linear algebraic group 
H then kerf c center G; for let N = ker/: then N is a finite group and 
so the Zariski topology on N is discrete. For every n € N consider the 
morphism G — > ./V given by x — > xtix -1 ?!" 1 ; since G is connected and A 7 
discrete this must be a constant map; taking x — n, this constant value 
must be 1; i.e. xnx~ l n~ l = IVjc € G; since n e N may be quite arbitrary 
Af must be in the center of G. 

Definition . A linear algebraic group G is said to be simple if its only 
closed normal subgroups are the identity and G itself. 

Example . The projective linear group PGL n which is the quotient of 
GL n by its center is a simple group. 

2.2 Semi-simple groups 

If G is any linear algebraic group the adjoint group G is defined to be 
the quotient of G by its centre. It is known that a semi-simple linear 22 
algebraic group has finite center. If G is a connected semi-simple linear 
algebraic group defined over K there exists a covering G — > G defined 
over K such that G is simply connected and that G is unique upto K- 
isomorphism; G is called the universal covering group of G. 

Example 1. The adjoint group of S L n is the projective linear group 
PGL n . 

Example 2. Let §f be a non-degenerate quadratic form on a finite di- 
mensional A'- vector space V. The proper orthogonal group S0(5f) is 
semi-simple and connected; and it has a two fold covering namely the 
Spin group which is constructed using the Clifford algebra of ( S\ we 
merely state the definition and properties of Clifford algebra and refer 
the reader to the standard works [2 J Chap. 9 and [4]. A Clifford algebra 
of & is a pair (C, f) where C is an associative ^-algebra with unity and 
/ : V — > C is a ^-linear map with {f(x)} 2 = q(x) ■ 1 for every x e V 
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and satisfying the following universal property: Whenever a pair {D,g) 
is given with D an associative ^-algebra with unity and g : V —> D is a 
^-linear map such that \g{x)} 2 - &(x).l there exists a unique i^-algebra 
homomorphism h : C — > D making the diagram 




23 commutative. It is known that such an algebra C exists and is unique 
upto ^-isomorphism; evidently f(V) must generate C. The algebra C is 
called the Clifford algebra of and is denoted by C(W). It turns out that 
the map / is injective, so we can identify f(V) with V; then \fe\,...,e n 
is a basis of V, the products . . . e !m (l < i\ < h < . . . < i m < n, 1 < 
m < n) together with 1 form a basis of C(Sf ) so its dimension is 2". If n 
is even C a simple algebra with centre K; if n is odd the algebra C is a 
separable algebra, its centre being of dimension two over K; C is either 
simple or the direct sum of two simple algebras. We denote by C + the 
subalgebra of C generated by products of an even number of vectors of 
V; then dim C + = 2" -1 . 

In case n = dim V is even and n > it is known that C + (W) is 

separable its centre Z is of dimension 2 over K; Z is either a quadratic 

extension of K or a direct sum of two copies of K; in the first case 

C + (^) is a simple algebra while in the second case it is a direct sum of 

two simple algebras. If n is odd then C + (^) is always central simple; if 

in addition §f has maximal Witt index then C + (W) is isomorphic to the 
n — 1 n — 1 

ring M n _ 1 (K), of — — x — — matrices over K. If L is any extension 
2 

of K then the quadratic form can be extended to a quadratic form ^ 
of Vl in a natural way by passing to the associated bilinear form of 
and extending it to V L ; then the Clifford algebra C(Sft) = C(£f) ®^ L. 
Let <r € 0(Sf ) be given; <x then determines an automorphism of C(Sf ) in 

24 the following way; (/^cr(^)) 2 = ^(cr(x)).l = W(x)A for every x e V. 
Hence by the universal property there is a ^-algebra homomorphism 
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g : C — > C making the diagram below commutative 



V 



f 



c 



S 



V 



f 



c 



Working with cr we see that g is an automoiphism. If cr € S0(&) it is 
known that the corresponding automorphism of C(^) is inner automor- 
phism by an invertible element of C + (^). Conversely if t e C + (&) is 
an invertible element such that tVt' 1 = V then the mapping x — > txt~ l 
of V into itself is a proper orthogonal transformation. It is known that 
if we define a map a : C — > C by the rule ar(e ;i . . . e, r ) - e, r e Jr _j . . . e,-, 
on the generators ...e ;j .(l < ;'i < 12 < . ■ ■ < i, < n;l < r < n) 
and a(l) = 1 we get an anti- automorphism of C of degree 2. We 
shall denote a(t) by If f is an invertible element of C + such that 
tVt~ x = V then it is wellknown that tt* € K.l. We now define Spin 
= {te C±ltV R r x = V R ,tf - l); then for any field L, (Spin §f) L 
will be the set of invertible elements t of such that tV^ 1 = Vl and 
tt* = 1 . Spin §f defined in this way is clearly a linear algebraic group 
over K. It is known that Spin^ is simply connected and that for any 
t € (Spin^)i the mapping x — > txt~ y of Vj, into itself is an element of 
S 0($0l. This mapping of Spin 5f into 5 0($f ) is a 7<f-homomorphism and 25 
is known to be surjective (c.f. Chapter [Til 1.61 for the definition). Hence 
Spin^ — > S0(W) is a covering. The kernel consists of those t < Spin?^ 
such that txt~ x = x holds for every x € V. Since V generates C, the inner 
automorphism by t must be the identity automorphism of C; hence tC + 
must be an element of the centre of C and so must be in K; the condition 
tt* = 1 then implies t = ±1. Hence the kernel of (Spin^)^ -> 50(^)^ 
is Z2 the cyclic group (±1). S pin<£ — > ,S0(^) is the universal covering 
of SO(Sf); it is two-fold with kernel {-1,1}. 

Definition . Let G be a linear algebraic group defined over K; we say 
that G is K-almost simple if it has finite centre and all proper normal K- 
almost simple if it has finite centre and all proper normal K -subgroups 
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are contained in the centre. In particular ifK is algebraically closed we 
say that G is almost simple. 

Let G be a semi-simple and simply connected linear algebraic group 
defined over an algebraically closed field K. Then 

G = GiX...xG r (1) 

where the G'jS are absolutely almost simple groups and this decomposi- 
tion is unique upto permutation.. 

Let now K be arbitrary and G be a semisimple simply connected 
linear algebraic group defined over K; let dU be the decomposition of G 
over K; the Galois group g%/ K acts on either side of £[]). Since the left 
hand side is unaltered by the action of g R/R the strong uniqueness theo- 
rem quoted above implies that the action of any element g RjR is simply 
a permutation of the components G,. Hence if H\,.,.,H S denote the 
products of components in the transitive classes modulo the action of 
g K the H' ( s are defined over K and G = Hi x • • • x H s . The groups H, 
are /f-almost simple. Hence we have shown that any semi-simple sim- 
ply connected groups defined over K is the direct product of ^-almost 
simple groups. 

Let G be ^-almost simple and let G = Gi x • • • x G r be a decompo- 
sition of G over K into the direct product of almost simple groups. Let 
L be the fixed field of the subgroup of g R/R of elements leaving G\ fixed. 
Then G\ is a g R -subgroup of G and if s runs through a fixed system of 
representatives of right cosets of g R/R modulo g R we have G = YIg ■ 
This shows that G is g RjR -induced from G\ (cf. Chapter Qll.31 ). Lemma 
[Tlof 11.31 then reduces the cohomology of G over K to that of G\ over 
L. In the proofs later on, we may therefore assume that G is absolutely 
almost simple, i.e. remains almost simple over the algebraic closure. 

2.3 Simple groups 

Every semisimple linear algebraic group determines a certain graph con- 
sisting of points and lines called the Dynkin diagram. Absolutely almost 
simple groups correspond to connected graphs and are classified into the 
following types: 
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Types Dynkin Diagram Chevalley 

Groups 

A n (n > 1) o — o — o.. ..o o SL n+ i 

B n (n>3) O"" "° ° Spin 2n+1 

C n (n>2) ° ° S P2n 

o o o 

Spin 2 „ 

I 

E(, o o 6 o o 

Ej o o o 1 o o 

E% o o o o 1 o o 

F 4 ° O ° 

Two simply connected almost simple groups over an algebraically 
closed field are isomorphic if and only if they have isomorphic Dynkin 
diagrams. The simply connected groups of types A n , B n , C n , D n are 
given in the last column; for types B n and D n the corresponding quadra- 
tic from must have maximal index. The spin groups of dimensions 3 to 
6 and S p2 which are not contained in this list are semisimple too and 
have the following Dynkin diagrams: 

Spin 3 o 
Spin 4 o o 

Spin 5 <Z> 
Spin 6 o o o 

S p 2 o 28 
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Looking for isomoiphic Dynkin diagrams in our list, we get the fol- 
lowing well known isomorphisms which can otherwise also be proved 
without using Dynkin diagrams, (cf. ||9ll): 

Spin 3 = Sp2 = SL2 

Spin 4 = Sp2 x SL2 
Spin 5 = S P4 
Spin 6 = SL 4 . 

It is known that over an arbitrary ground field corresponding to any 
of the above types there exists a simply connected group defined over K, 
having a maximal torus that is defined and split over K, it is unique upto 
^-isomorphism and is called the simply connected Chevalley group of 
that type (cf. 0, Q). 

The group Aut G of automoiphisms of a simply connected group G 
can also be read off from the Dynkin diagram. It contains the normal 
subgroup of inner automorphisms which is isomoiphic to the adjoint 
group Ad G, the quotient being the group Symm (G) of symmetries of 
the Dynkin diagram. For Chevalley groups G the Galois group g R acts 
trivially on Symm (G) and the exact sequence 

1 — > Ad G — > Aut G — > Symm (G) — > 1 (*) 

splits over K. Hence the corresponding cohomology sequence gives a 
surjection H l (K, Aut G) — > H l (K,Symm{G)) — > 1. Let G' be any 
^-form of a Chevalley group G belonging to type X y ; it determines an 
element of H l (K, AutG) and taking its image in H\K,Symm{G)) under 
the map constructed above we get an element of H l (K, Symm(G) say a. 
Since g- /K acts trivially on Symm (G) a is a homomorphism of g R/K into 
Symm (G); let L be the fixed field of the kernel of the homomorphism 
a : g kjK — > Symm(G). Since Symm (G) is finite [L : K] < 00. Let 
z = [L : K]. We then say that G' belongs to the sub type z Xy. We are 
now in a position to define classical groups. 

Definition. An absolutely almost simple simply connected group is side 
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to be a classical group if it belongs to one of the types A„, B n , C n , D n 
but not to the subtypes and ^Da,. A connected semi-simple group 
is called a classical group if in the product decomposition described 
above of the simply connected covering group [cf. this Chapter \2.2\l 
only classical groups occur as components. 

We then see that the simply connected almost simple classical grou- 30 
ps defined over K are ^T-forms of SL n+ i, Spi n and Spin ;i (except for 
some K-ioxms, of Spin 8 ) here Spin,, corresponds to the Spin group of a 
non-degenerate quadratic form of maximal Witt index. 



2.4 Classical Groups 

Following Weil E4l we can describe the simply connected almost sim- 
ple classical groups over K in terms of algebras with involution, K being 
an arbitrary ground field. Let G be a A'-form of SL n+ \ belonging to the 
subtype A„ and let / : S L n+ i — > G be the corresponding isomorphism 
defined over K. Then for any s € g R/K , a s = f~ l o s f e AutGL„ + i; 
since G is of subtype A n the exact sequence |(*)| of 12.31 shows that 
aj, actually belongs to the adjoint group of SL n+ \ namely the projec- 
tives linear group PGL n+ \ [cf. 12.21 example [Tl (a s ) is a 1-cocycle of 
gf in PGL„. Now PGL„ is also the automorphism group of M n+ \, 
the full matrix ring. Hence (a s ) € H\K, Aut (M n+ i)). Twisting M n+ \ 
by the 1-cocycle (a s ) we get a central simple ^-algebra A and an iso- 
morphism g : M n +\ ® K — > A ® K such that a s = g~ l o s g . Let H 
be the image of S L n+ i under g. H is an algebraic group defined over 
K. By the definition of the reduced norm ,/V in A, N(g(X)) = detX, 

hence = € A^jNX = lj. Hence H is the algebraic group 

x e A^NX - lj. On the other hand by means of g, H is obtained from 

SL n+ \ by twisting with the 1-cocycle (a s ) so that H is isomorphic to G. 
Hence the informs of SL n+ \ belonging to subtype l A n are the algebraic 
groups of elements of reduced norm 1 in central simple ^-algebras. 

Next we consider then case when the ^-from G of S L n+ i belongs to 31 
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the subtype 2 A n . We can describe G by means of algebras with involu- 
tion. 

Definition. An cintiautomorphism of period 2 of an associative K -alge- 
bra is called an involution. An involution is said to be of the first kind if it 
fixes every element of the center of the algebra, otherwise it is said to be 
of the second kind. An algebra A with involution I is denoted by (A, I). 
In what follows algebras A will be assumed finite dimensional over K. 
We shall prove that the K-forms G of SL n+ \ belonging to subtype A n 
correspond bijectively with isomorphism classes of simple K-algebras 
A with involution I of the second kind such that the center is a quadratic 
extension of K; if G corresponds to (A, I) then G is isomorphic to the 

K-group jz e A^zz 1 - l,Nz. - lj. Consider the algebra M n+ \ ® M n+ i; 

this has an involution I of the second kind given by (X, Y) — > ( r Y, 'X) (t 
denotes transpose). We shall denote the image of any element z. £ M n +\® 
M n+ \ under I by z*. We shall determine all the automorphisms ofM n+ \ © 
M n+ i which commute with I; now the automorphism group of M n+ [ ® 
M n+ [ is generated by inner automorphisms and by the automorphism 
(X, Y) — > (Y, X) of which the latter obviously commutes with I. If the 
inner automorphism by the element a commutes with I it is easy to check 
that aa 1 must be in the center K © K of M n+ \(K) ® M n+ \(K); since aa 1 
is invariant under I its components in K must be equal so that aa 1 
is an element ofK. 1 

If K is algebraically closed we can assume we can without loss of 
generality that aa 1 - 1 , the identity element of K © K. Hence the group 
of automorphisms of M n+ \ © M„+i commuting with / is generated by 
automorphisms of the types: 1) the automorphisms (X, Y) — > (Y,X) 
ii) inner automorphisms by elements of the type X,'X~ { . Now it is 
well know [9] that the automorphism group of S L n+ \ is generated by 
inner automorphisms and by the automoiphism X — >' X . Hence 
the imbedding SL n+ \ — > M„ + i © M n+ \ given by X — > (X/ X -1 ) gives 
an isomorphism of the automorphism group of S L n+ i with the group 
of those automorphisms of M n+ \ © M n+ \ commuting with the involu- 
tion /. We shall denote the latter group by Aut (M n+ \ © M n +\,I). Let 
G be a ^-form of S L n+ i of subtype 2 A n . Then there exists an isomor- 
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phism / : SL n+ \ — > G over K and if s € g K , a s = f~ l o */ is a 1- 
cocycle of g R in (Aut SL n+ \)^ ; but we have seen that (Aut SL n+ {)g = 
Aut (M n+ i(k) © M n+l (K),I. Hence (a s ) is a 1-cocycle of g R in Aut 
(M n+ \(K)@M n+ i(K), I so that we can twist M n+ i © M„+i by the cocycle 
(a s ); the twisted algebra A will carry an involution J of the second kind; 
in this process the center K © K of M„+i © M n +i will get twisted into 
the center of A; now Symm (SL n+ {) = Z2 and since G is of type 2 A n the 
homomorphism s — > /l(fli) of g^/K i nto Symm (5L„ + i) = Z2 is non- 
trivial where A is the homomorphism A : Aut(5'L, 1+ i) — > Symm{SL n+ \) 
appearing in the split sequence. 33 

1 — > A<i(5L, !+ i) — > A«f(5L n+ i) — > Symn{SL n+ \) — > 1 



Hence by ll.7l examplel2lChapter[T1we conclude that the centre ^©^ 
of M„ + i © M„+i gets twisted into a quadratic extension L of /T. Hence 
A is a simple ^-algebra with involution / of the second kind with cen- 
ter a quadratic extension L of K. Now the image of SL n+ \ under the 
imbedding <p : S L n+ i — > M n+ \ © M n +\ constructed above is given by 

jz € M n+ i © Mn+ijzz 1 = l,Nz = l|; the image of this group under 
the isomorphism g : M„+i © M„ + i — > A got by the twisting process is 
jz € A^zz J = l,Nz - lj- Hence taking into consideration the various 
identifications constructed above we see that G is isomorphic to the al- 
gebraic group jz e Ajzz J = l,Nz - lj where A is a simple ^-algebra 

with an involution of the second kind with center a quadratic extension 
ofK. 

Next we shall consider the K-forms of the Chevally group of type 
C„. Hence the Che valley group is the symplectic group S p2„ - e 

M2njxS t X = 5 J where S is a non-degenerate skew-symmetric matrix 

over K. We shall show that the informs of S p2 n are given by jx e 

Ajxx J - lj where A is an algebra with involution of the first kind J, 
simple with center K and which becomes isomorphic to (M^,/) over 
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K, I being the involution X — > S'XS~ l . The automoiphisms of M2 n 
are all inner automorphisms and the inner automorphism X — > uXu~ l 
commutes with / and only if uu 1 e K above, and again over K we may 
assume uu 1 = 1, which means that u e S p2 n . 

34 On the other hand it is known that the only automorphisms of S p2 n 
are inner automorphisms; hence Aut S p2 n Aut (M2„,7). We can then 
apply the foregoing method to characterise the /f-forms of Sp2 n , the 
result being as indicated in the beginning of this paragraph. 

Finally we shall consider the /£-forms of Chevalley groups of types 
B and D. Here the Chevalley group is Spin„(^); n may be even or odd 
n + 1, 2, 3, 4, 5, 6; and is a non-degenerate quadratic form of maximal 
index. Now any automorphism of S Oi^S) is obtained as transformation 
by an element of 0($S) i.e. there exists t € Oi^S) such that x — > txr 1 
is the automorphism in question; but we have seen that any t e 0(9?) 
gives an automorphism of the Clifford algebra of (@) (cf. 12.21) and so 
an automorphism of the spin group. All the automorphisms of Spin(^) 
are obtained in this way through automorphisms of SO{^) except in 
case D4 i.e. Spin 8 . This is seen as follows: it is clear that the mapping 
t : Aut (S O) — > Aut (Spin) constructed above is injective; we have 
seen in 12.21 that an inner automorphism of Spin (Sf ) by an element t 
corresponds to an element u of S C and by construction r(int u) = int t 
so that r induces an isomorphism of Ad(SO) onto Acf(Spin); the index 
of A<i(Spin)/72 Aut (Spin) is equal to the number of symmetries of the 
Dynkin diagram of the Spin group which is equal to 1 if the dimension 
is odd; if n is even ± 8, the number of symmetries is 2, but also the 
index of AD(S O) in Aut (5 O) - Ad(0) is 2 because transformation by 
a reflection is not an inner automorphism of S O. Hence r is a bijection 
in these cases. 

35 This shows that the simply connected almost simple classical groups 
of type B and D are two fold coverings of the A'-forms of the special or- 
thogonal group except when the dimension =8 i.e. in the case D4. For 
type D4, every two fold covering of an orthogonal group SO& is easily 
seen to be of type or 2 D\. Conversely, in the homomorphism of 
g KjK into Symm G obtained from the twisting cocycle of a group of type 
D4 has image of order 1 or 2 this image can be transformed by an inner 
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automorphism into the group of automorphisms induced by 0{^), and 
therefore these A'-forms are coverings of i^-forms of SO{^). Hence 
classical groups of dimension 8 which are A'-forms of Spin 8 are two- 
fold coverings of the ^-forms of SO$. Hence in all cases we find that 
the classical groups which are ^-forms of Chevalley groups of type B 
and D are two fold coverings of the A'-forms of the special orthogo- 
nal group. So we have only to find the /f-forms of S Oi$$). Let a be 
the matrix of the quadratic from in some basis; on M n define the 
involution I by X 1 - dXa~ x , a € M n . Using the fact that the auto- 
morphisms of M„ are all inner we can prove as before that the only 
automorphisms of M n commuting with / are inner automorphisms by 
elements of O(^). Moreover one knows that the automorphisms of SO 
are given by transformation by elements of Oi^S); hence over K we have 
an isomorphism Aut SOi^S) = Aut (M n ,I). Carrying out exactly the 
same procedure as before it is easily seen that the A'-forms of S 0(W) are 



given by G = \x € A xx J = \,Nx - 1 \ where A is a simple ^-algebra 



with involution J of the first kind which becomes isomorphic over K 
to (M„, I). Hence we have proved that simply connected almost simple 36 
classical groups of types B and D are two fold coverings of groups G 
given above. 

2.5 Algebras with involution (cf. [lj Chap X) 

Let A be a simple ^-algebra with center L; let / be an involution on A. If 
J is another involution on A coinciding with I on L then by the theorem 
of Skolem-Noether we can find an invertible element a e A such that 
x J - ax'a~ l holds for every x e A. Now, x = x JJ = a(ax' r a~ 1 )' T a~ l = 
{aa~ 1 ).x{aa~ I )~ l for every x € A, so that aa~ x € L. Let a 1 - ca where 
c e L; applying / to both sides we get cc 1 = 1. If the involution is of 
the first kind (See 12.41 for the definition) cc 1 = 1 implies c 2 = 1 i.e. 
c = ±1 so that a 1 = ±a. Suppose now that / is of the second kind, let F 
be the fixed field of / in A; then since / is of period 2, L is a quadratic 
extension of F and the condition cc 1 = 1 is equivalent to Nl/f(c) = L 
Hence by Hilbert's theorem 90, there exists d € L* such that c = d ! d~ l . 
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Therefore a 1 = ca - d ! d~ l a, i.e (d _1 a) 7 - dT x a. Moreover the equation 
x J = ax a is unaltered if we replace a by d~ x a since d e L. Hence if 
/ is of the second kind we can assume in the equation x J = ax'a~ l that 
a 1 = a. 

Examples of algebras with involution: A quaternion algebra with the 
standard involution x — > x, the conjugate of x, is a simple algebra and 
the standard involution is of the first kind. If D is any division algebra 
over K then M n {D) has an involution of the r th kind (r = 1,2) if and 

37 only if D has an involution of the r th kind; for if / in an involution of the 
rth kind on D then if we define X J for X = (x, 7 ) € M n (D) as X J - (xl) 
we get an involution of the r th kind; the converse follows from Theorem 
1 below by taking A = M n (D), B = M n {K). 

Next let A be a simple /f-algebra with an involution /; let L be the 
center of A. Suppose B is a given ^-subalgebra of A containing L and 
assume moreover that B carries an involution / coinciding with / on L. 
When can J be extended to an involution on A? Sufficient conditions 
under which this is possible are given by the following 

Theorem. With the notations as above J can be extended to an involu- 
tion on A in the following cases: 

i) B is a simple algebra 

ii) B is a maximal commutative semi-simple subalgebra of A and I is 
of the second kind. 

Proof. I o J is an isomorphism of the L-algebra B into the simple alge- 
bra A with center L so that in case i) by the theorem of Skolem-Noether 
we can find an invertible element t e A such that x'" J = {x J ) ! = txt~ l for 
every x e B; this conclusion holds true also when B is a maximal com- 
mutative semi-simple subalgebra of A [15] Hilfssatz 3.5. Let B' be the 
commutant of B in A; let L(u) be the ^-subalgebra generated by u = t~ l t. 
If v is any element of B' and if we replace t by tv in x J = (txt~ l Yx e B 

38 found above this equality is unaltered; we shall choose a suitable v € B' 
and replace t by tv in the final stage to obtain an involution extending 
J; for the moment let u = r't with t as given above. Define for every 
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x € A, x J - (txt then by what precedes / coincides with J on B; 
moreover if x e B, x^ 1 = (tx J t~ l Y = t~ I -{x J ) I -t I = t~ l (txT l )>1? = uxu~ l ; 
but x J = x J — x since x € B so that uxu~ x = x implying that u € B' 
and hence L{u) c B' . It will turn out the we can choose v € L{u) suit- 
ably so that when t is replaced by tv, and / defined as above with this 
new t then J will be an involution on A, extending J on B. The equation 
x J ~ - uxu~ l shows that if we choose v € B' to satisfy (tv)~ l {tv) = ±1 
then with ?v in place of t the equation x - x will hold for all x e A and 
consequently J will be an involution on A; evidently / will then be an 
extension of J on B. We shall prove that v e L{u) can be chosen so as to 
satisfy (tv)~ ! (tv) - ±1. Observe that 

j/m = (tur 1 ) 1 .u - (t~ T .u 1 /).(t~ T .f) - f'u'.t = r'.t'.r'.t = l 

hence u J = u~ y . Consider case i) first. If u - -1, then evidently the 
choice v = 1 will do, so assume u t -1. To start with assume to be a 
division algebra; the condition (?v) -/ fv = 1, is equivalent to v~ J uv = 1; 
we claim that v = (1 + m) -1 which is obviously an element of L{u) will 
work; for v~ 7 = 1 + u J = 1 + w" 1 = (1 + u) • u~ l = v~ l .u~ l so that 
v~ J uv = 1. Suppose now B' is not necessarily a division algebra, we 
can write B' = D ® M„ where M„ is the full matrix ring of dimension 
7i 2 for some n and D is a division algebra. We can then consider D, M n 39 
as subalgebras of A; the commutant of the subalgebra BM n is equal to 
the commutant of M„ is B' , i.e. to D. Now the involution J on B can be 
extended to BM N by defining (bX) r = b Jt X, b € B, X € M„. Moreover 
BM„ is a simple algebra being L-isomorphic to B®iM n which is simple. 
Hence by the case already considered the involution J' can be extended 
to an involution of A; this extension clearly coincides with J on B. 

Next consider case ii). Here again we shall find v € L(u) to satisfy 
(Yv)~ 7 (/v) = 1 i.e. v~ J uv = 1. Since m -7 = u~ l , J maps L(m) onto itself; 
it is an involution of L{u) of the second kind. Let F be the fixed field 
of J in L. Let C + be the subalgebra of elements of L{u) fixed by /; 
since / is not the identity on L, L{u) = C + ©f L; moreover under this 
isomorphism the action of / on L(u) goes over into the natural action of 
the Galosi group gi/F of L/F on C + t&pL. The elements of gi/F are 1 
and J; the correspondence J — > u~ l , 1 — > 1 defines a 1-cocycle of 
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in (C + ®f L)*. By O Chapter Q] we know that H l (L/K,(C + )*) = 1; 
hence there exists v e L(m) such that v~ l u~ 1 v J = 1, i.e. v~ 7 mv - 1. But 
this is what we wanted. Hence the theorem is completely proved. 

If A is a central simple algebra over K and if A has an involution / of 
the first kind then A is of order 1 or 2 in the Brauer group of K; for / gives 
an isomorphism of A with its opposite algebra A° hence A®&A = Aig^A 

40 splits. But if / is of the second kind A is not necessarily isomorphic over 
the centre to its opposite algebra, so may not have order 2 in the Brauer 
group (for an example see 95.ll ). But let us consider the particular case 
where A is a quaternion algebra with centre L and assume that / is an 
involution of the second kind. Let K be the subfield of L fixed by / so 
that L is a quadratic extension of K. Let J be the standard involution 
on A namely conjugation; this is the only involution on A which fixes 
exactly the elements of L. The involution IJI~ 1 fixes the centre so that 
IJI~ l = J, i.e. (U) 2 = identity. Let B be the fixed space of I J in A; then 
B is a ^-subalgebra of A, and A = B ®# L since IJ is not the identity L. 
Hence we have proved the following □ 

Proposition 1. If A is a quaternion algebra of centre L and has an invo- 
lution I of the second kind then A = B ®/f L where B is an algebra over 
the fixed field K of I. Moreover I coincides with the standard involution 
on B and on L it coincides with the non-trivial K- automorphism. 

2.6 Bilinear and hermitian forms; discriminants 

Let D be a division algebra; let x — » x be an involution; let V be a 
^-dimensional left vector space over D. A sesquilinear form on V is 
a function B : V x V — > D taking (x, y) to B(x, y) which is linear in 
x and anti linear in y (i.e. B(x, ay) = B(x,y)a for every x,y € V, a € 
D), B is called hermitian if we have B(x, y) - B(y, x) for every pair 

41 of vectors x,y e V; B is called skew hermitian if B(x,y) = -B(y,x) 
for every pair of vectors x,y e V. Let h(x) = B(x,x); we shall call 
h a hermitian or skew hermitian form according as B is a hermitian or 
skew-hermitian sesquilinear form. If e\, . . . ,e n is a D-basis of V, then 
the matrix (B(e,-, ej)) is said to be the matrix of B relative to this basis. 
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Call this matrix M. If e\ , . . . , e' n is any other basis of V let e\ - £ ctji^i 

i=l 

and denote the matrix by the letter T; then the matrix of B in the 
basis e\, . . . , e' n is just 'TMT. We define the radical of V as the space 
of elements x e V such that B(x, y) = for every y e V . B is said to 
be non-degenerate if the radical is zero. Any hermitian space V has an 
orthogonal basis i.e. a basis e\,...,e n such that B{ei,ej) - if i + j; 
for e\ one can choose any anisotropic vector i.e such that B(e\, e\) + 0. 
If V, V are two hermitian spaces over D withe corresponding hermitian 
form B, B' then a D-linear transformation cr : V — > V is called an 
isometry if cr is bijective and B(x, y) = B(crx, cry) for every x,y e V. In 
particular if V - V the set of isometries of V onto itself will be a group 
called the unitary group of the hermitian form. We have similar notions 
for skew-hermitian forms over D. 

Let V be a finite dimensional vector space over K endowed with a 
quadratic form ^ which we assume to be non-degenerate. The determi- 
nant of the matrix of (V, with respect to any basis of V/K is unique 
modulo squares of K*, i.e. it is a well defined element of K*/K* 2 . We 
call this element of K*/K* 2 the discriminant of V. Quite frequently a 42 
representative in K* will be called the discriminant of V; this will not 
involve any confusion as the context will make it clear what we have in 
mind. Let D be a quaternion division algebra over K with the standard 
involution; let V be a finite dimensional left vector space over D. If h 
is a hermitian of skew hermitian form on V the discriminant of h is by 
definition the reduced norm of a matrix representing h, modulo squares 
of elements of K*. We shall state and prove a number of lemmas which 
we shall need in the sequel. 

Lemma 1. a) Let D be a quaternion algebra over K; let h be a non- 
degenerate hermitian or skew hermitian form on a finite dimensional 
vector space V ofD. Then ifD does not split, the special unitary group 
S U (h, D) ofh coincides with the unitary group U (h, D). More generally 
we shall prove the following 

Lemma 1. b) Let A be a simple central K-algebra with an involution 
I of the first kind. If there exists an element x e A satisfying xx l = 1 and 
Nx--\, then A = M n (K). 
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Proof. We look at the eigen values of x considered as an element of 
A ®k K = M n (K). Since every involution of M n (K) is transposition 
followed by an inner automorphism, x and x 1 have the same eigenval- 
ues. But x 1 = x~ l , so x and x^ 1 have the same set of eigenvalues and 
with equal multiplicities. This implies that the eigenvalues of x different 
from ±1 occur in pairs (A, A~ l ). Since the product of the eigenvalues is 
equal to the reduced norm of x, - 1 must occur as eigenvalue with odd 
multiplicity. □ 

43 This shows that is an eigen value of x + e (e denoting the identity of A) 
of odd multiplicity. Hence if the integer m is sufficiently large the null 
space of (x + e) m is of odd dimension. 

Now go back to the ground field K. We can write A = M^D). Let 
n 2 = [A : K]; we then have [D : K] - (n/k) 2 . The lemma will be proved 
if we show that [D : K] — 1 . For this we compute the dimension over K 
of the ^T-space A = {y e M^(D)\(x + e) m .y = 0}, in two different ways 
and compare them. 

Let V be a ^-dimensional left vector space over D. We can then 
interpret (x + e) m ,y as linear transformations on V. Then y e A if and 
only if y maps V into the kernel of (x + e) m . From this description of the 
elements of A it is easy to see that [A : D] = k.r, where r denotes the 
dimension over D of the kernel of (x + e) m . Hence [A : K] - k.r[D : 
K] - k.r{n/k) 2 - nr(n/k). On the other hand [A : K] = [A R : K]. Now 
A^ is equal to e M n (K)/(x + e) m y - o} so that by the same argument 
as above with D replaced by K we get [A^ : K] - «(dim^ ker(x + e) m ). 
But by the first part of the proof dim^ker(x + e) m is an odd integer. 
Hence [A : K] - nx an odd integer. Comparing the two values of 
[A : K] obtained we get nxodd integer = n.r(n/k). This implies n/k is 
odd integer, i.e. [D : K] is an odd integer. Now A being an algebra with 
involution of the first kind it has order two in the Brauer group. But 
one knows that the prime divisors of the order of A in the Brauer group 
and those of [D : K] are the same. The last two conclusions can hold 
simultaneously only when [D : K] - 1 . 

This proves the lemma. 

44 Lemma 2. Let D be a quaternion algebra over K with an involution I, 
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A = M n (D); for Z = (z,;) € A denote by Z* the element (z 1 , ). Let a e A 
be a non-singular skew -hermitian matrix, i.e. a* = —a. Then ifX, Y are 
1 X n matrices over D such that XaX* = YaY* = C is non-singular in 
D, there exists a proper a-unitary matrix t e A such that Y — Xt. 

Proof. If D is a division algebra, this follows immediately from Witt's 
theorem and lemma [T] If D = M2(K), the action of / is as follows: 
a — > S'aS~ l where S is some fixed 2x2 skew-symmetric matrix 

'S 

in M2(K). Denoting by P the 2n x 2n matrix S. we have 

X* = P'XS~\ Y* = p'YS' 1 and a* = p ! ap~ l . Now since a* - -a, 
we have p'ap~ l - -a which implies that aP - —P'a =' (ap). This 
shows that aP is a symmetric 2n x 2n matrix. The condition XaX* = c 
then gives X(aP)'X = cS; similarly the condition YaY* = c gives 
Y{aP)'Y = cS . The matrix aP gives a2nxli dimensional quadratic 
space over K and the above two equations imply that the two dimen- 
sional subspaces generated by the two rows of X and Y respectively are 
isometric. Hence by Witt's theorem on quadratic form there exists an 
isometry t of the above quadratic space transforming X into Y. If t is 
not proper then by multiplying t on the right by a reflection in a suitable 
subspace containing the two rows of X we can make the product proper. 
Hence t can be assumed proper. This t then defines a proper unitary 
transformation changing X into Y. □ 

Lemma 3. Let D be a quaternion division algebra with standard invo- 45 
lution; (V,h) and (V',h r ) are two skew hermitian spaces over D. Let 
f : (Vj(,h) — » (V'g,h') be an isomorphism over K; then the 1-cocycle 
a s = f~ l o s f which belongs to H l (K, U) comes from H l (K,SU) if and 
only if the discriminants of (V, h) and (V, h') are equal; here U denotes 
the unitary group and S U denotes the special unitary group ofh. 

Proof. Consider the exact sequence 1— > U — > Z2 — > 1 where 
U — > Z2 is the norm mapping; this gives rise to an exact sequence 
H l (S U) -> H'(U) -> H\Z 2 ); but clearly H\Z 2 ) = K*/K*~ and 
H l (U) — > K* IK* is the map associating with each i^-form {V ,h') of 
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(V, h) the quotient of the discriminants of h' and h. This shows that (a s ) 
comes from H\S U) if and only if V has the same discriminant as V. 

Next we shall determine the simply connected absolutely almost 
simple classical groups of types B n , C n , D n over fields K satisfying the 
property that every division of order 2 in the Brauer group Bi for any al- 
gebraic extension L is a quaternion algebra. Examples of such fields are 
the ^-adic fields and number fields [8 ]. If A is a central simple involu- 
torial algebra over such a field K then since its order in Brauer group is 
either 1 or 2 we conclude that either A is a matrix algebra over K or a 
matrix ring over a quaternion division algebra over K. We make use of 
the classification given in 12.41 Consider G = {x e A/xx 1 = 1} where A 
is a central simple A'-algebra with involution / of the first kind. There 
are two possibilities i)A = M, (K) or ii)A = M S {C) where C is a quater- 
nion division algebra over K. In the first case there exists an invertible 
a € M r (K) either symmetric of skew-symmetric such that X 1 = a'Xa~ l 
for every X e M r (K). If a is skew-symmetric G is the symplectic group 
of the alternating form a and so belongs to type C n ; but if a is sym- 
metric we get the orthogonal group which will correspond to type B n , 
D n by taking two-fold coverings of the special orthogonal group. In 
the second case when A = M S (C), C being quaternion division algebra 
we get x 1 = ax*a~ l where x — » x* is the involution on M S (C) given by 
(xtj) — > (xji), denoting the standard involution on C and where a is either 
hermitian or skew hermitian with respect to *. In the first case xx 1 = 1 
means that x is in the unitary group of the hermitian form while in the 
second case it means that x is in the unitary group of the skew-hermitian 
form a. Consideration of the dimension of the space of symmetric ele- 
ments will show that the former corresponds to type C„ while the latter 
to type D n . Hence we have the □ 

Theorem . The only simply connected absolutely almost simple Classi- 
cal groups of types B n , C n , D n over a field with the properties stated 
above are 

C n : Symplectic groups and unitary groups of hermitian forms over qua- 
ternion division algebras 

B n , D n : Spin groups of quadratic forms and of skew hermitian forms 
over quaternion division algebras. 



Chapter 3 

Algebraic Tori 



3.1 Definitions and examples ([6], flVfl) 

Definition of G m . This is the algebraic group defined over the prime 
field of the universal domain such that for any field K, the ^-rational 
points of G m is K*. 

Notation If G is an algebraic group and L a field of definition we denote 
by Gl the group of L-rational points of G. 

Definition. An algebraic group G is said to be a torus if it is isomorphic 
to a product of copies ofG m ; afield L is said to be a splitting field ofG 
if this isomorphism is defined over L. 

Example. 1) Let L/K be a finite separable extension of fields. We de- 
fine an algebraic group L* as follows: (L*)^ = units of L ®k K; 
choosing a basis of L/K we get a basis for L®k K over K and with 
respect to this basis multiplication by a unit of L ®k K is an element 
of GL(n, K) where n = [L : K]. This makes (L*)jj into a closed sub- 
group of GL(n, K). Now L ®k K=K ® • • • ® K. (Here we use the fact 
that L/K is separable). Hence L*^=(K*) n ; this shows that L* is an al- 
gebraic torus. Any Galois extension of K containing L is a splitting 
field of L*. 
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2) Let L/Kbe as above; define an algebraic group G by the requirement 
G% = {x € (L ®k K)* /Nx - 1}; this consists of those elements 
(x u ...,x n ) of (K*) n with x\ • • • x n — 1 . Hence G is an algebraic 
torus isomorphic to G n ^ x over K. 

48 Example 3. S O2 for a non-degenerate quadratic form <$ is an algebraic 
torus. 

Let V be the corresponding quadratic space. Let <?i,<?2 be an or- 
thogonal basis of V with q(ei) - cq(e\). Then the orthogonal group of 



isomorphic to the group of elements of norm 1 in the quadratic extension 
K[X]/ (x 2 +c) of K; hence SO2 is an algebraic torus. 

Another example is the following. 

Example 4. If h is a skew hermitian form on the quaternion division 
algebra C over K then SUi(C/K,h), the special unitary group is an al- 
gebraic torus. 

If T is a torus defined over K then there exists a finite Galois exten- 
sion L of K which is a splitting field of T. This is because the rational 
functions defining the isomorphism T^G^ are finite in number and we 
can adjoin the coefficients of these to K to get a field L' \ the field we re- 
quire can be taken to be some finite normal extension L of K containing 
the field L' . 

Theorem 1. Suppose T is an algebraic torus defined over K; let Lbe a 
splitting field ofT; then ifX - Hom(G m , T) we have Tj=X ®z L*. 
49 Here Hom(G m , T) denotes the set ofmorphisms ofG m into T defined 

over L and which are also group homomorphisms. 

Proof. Consider the map L* ®z Hom(G m , T) — > Ti defined by x ® / — > 
f(x). This makes sense since / is defined over L so that f(x) e Tl- 
This is an isomorphism. For if T^G^ over L, Tj=G m (L) n = (L*)"; also 
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L* ® z Hom(G m , T)=L* ® z Z n ={L*) n ; after these identifications the map 
defined above becomes the identity map of (L*) n onto itself. This proves 
the theorem. □ 

Remark. If L/K is a Galois extension then gL/K acts on X = Hom(G m , 
T) so that if / : G m — > T is an element of X, s f( s x) — it there- 

fore acts on X®zL* too. Then the above isomorphism is an isomorphism 
of gL/^-modules L* ®z X and Tl- 

If T is an algebraic torus and T is a connected commutative group 
which is a covering of T, then T is also an algebraic torus. For if : T — > 
T is the covering an if x e T is unipotent then p(x) will be unipotent and 
since T is a torus /?(*) = 1 ; hence T u , the unipotent part of T is contained 
in the kernel of p which is finite. Hence T u being connected, it is {1}, 
and so T consists only of semisimple elements and being commutative 
and connected it is an algebraic torus. 



3.2 Class Field Theory 

In this section we shall list some of the results of class field theory we 
require without proofs. For proofs see the references S\,T a 

a) Local class field Theory. 50 

Let K be any field. We denote by Bk the Brauer group of K; it is 
defined to be the inductive limit of H 2 (gL/K, L*) where L/K runs through 
the set of finite Galois extensions and the limit is taken with respect 
to the inflation homomorphisms. Alternatively, consider the class £ of 
simple algebras over K with centre K. If A, A' are two such algebras we 
know by Wedderburn's theorem that A = M n (D), A' = M n '(D') where 
D, D' are division algebras. The integer n and the isomorphism class of 
D characterise A upto isomorphism; similarly n' and the isomorphism 
class of D' characterise A', upto isomorphism; We shall say A ~ A' 
if D = D'. Let Bk = £/ ~ be the set of equivalence classes; Bk is 
then made into a group as follows: if A, B are representatives of two 
classes of Bk then the equivalence class of A ®^ B depends only on 
those of A and B so that we get a map BkxBk — > Bk- This composition 
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makes Bk into a group, the identity element being the equivalence class 
of K and the inverse of a class with representative A is the class with 
representative A , the opposite algebra of A. 

Now let K be a /j-adic field, i.e. a field complete under a discrete 
valuation, with finite residue class field. 

Theorem 2 (cf. ||8l). There is a canonical isomorphism Bk = QIZ. If 
A is a simple algebra over K with center K then the image of its class 
under the above isomorphism is called the Hasse - invariant of A; if we 
denote this invariant by invf[(A) then for any finite extension L ofK. We 
have invi{A ®k L) - [L : K]invK(A). We have further 

51 Theorem 3. If A is a central simple algebra over K then it is split by an 
extension L of K with the property [L : K] = [A : K]. 

Another theorem which we will need is the following theorem of Tate 
and Nakayama ( KIWj . IX, §8): 

Theorem 4 (Nakayama-Tate). Let G be a finite group, A a G-module, 
an (a) an element of H 2 (G,A). For each prime number P let Gp be a 
p-Sylow subgroup ofG, and suppose that 

1) H\G p ,A) = 

2) H 2 (G p ,A) is generated by Res G/G p (a) and the order of H 2 (G P ,A) 
is equal to that of G p . 

Then, ifD is a G-module such that for (A, D) = 0, the cup multipli- 
cation by (a g ) - ResG/g(a) induces an isomorphism 

H n (g,D) -> H n+2 (g,A®D) 

for every n € Z and every subgroup g ofG. 

In this theorem the Tate cohomology groups H are defined as follows 
(SUB/, VIII, §1): 

H n (G,A) - H n (G,A)forn > 1 
H°(G,A) - A G /NA where N : A -> A 

is the norm homomorphism defined 
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H~\G,A) = N A/1A 



where nA denotes the kernel of the norm mapping and I is the augmen- 
tation ideal ofZ(G) generated by the elements 1 - s with s e G. 

H~ n ~ l (G,A) - H n (G,A), then* homology group for n > 1. 
IfL/K is a finite Galois extension of the adic field K then H 2 {gijx, L*) is 52 
a cyclic group generated by the fundamental class' (a) and is of order 
equal to [L : K\ Condition 2) of the present theorem for g - gL/K, 
A = L* is an easy consequence of the property ofHasse invariant stated 
under theorem^ 

Using the theorem we can prove the following 

Theorem 5. Let T be an algebraic torus over K split by the finite Galois 
extension L; with the notations of theorem\l\we have H n+2 (gL/K, T) = 



Proof By theorem Q] we know that H n+2 (g L/K ,T) = H n+2 (g LiK ,X ® z 
L*). We shall apply theorem HI Condition 1) is Hilbert's theorem 90 
(cf. 91.71 example [T]). We have just seen that conditions 2) is satisfied. 
Since X is a free abelian group Tor/(X, L*) is zero. Hence cup multipli- 
cation by the fundamental class of H 2 (gL/K,L*) induces by theorem |3] 
an isomorphism 



H' 



(gl/K,X). 



H n+ \g L iK,X® z V) ^ H"(g L/K ,X) 



which proves the result. 



□ 



3.3 Global class field Theory. 



Let ^ be a number field and ,/V a finite Galois extension with Galois 
group g; we shall employ the following notations: 
I = In - the idele group of ./V 
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C = Cn - the idele class group of N, i.e. where ./V* is imbedded in 
1m by the map a —>(... ,a,. . .). 
v - places of N 
v - place of K 

oo - the set of infinite places. 

To any given place v of K we choose an extension v of v to A 7 and 
keep it fixed; this extension is denoted by h(v); gh( V ) is then used to 
denote the Galois group of the extension Nh( V )IK v , which is the decom- 
position group of h(v). 
Z - the ring of rational integers 

Y - the free abelian group generated by the set of places of N. 
If s e g and v a place of N then s v denotes the place of N defined by 
\x\ s v - \Av\ 8 ac ts on Y by the rule ,V (J] n^v) = £ ny s -\ W - kernel of the 
surjective g-homomorphism Y — > Z defined by 



^ riy.v -> ^ n v . 



With these notations we shall explain a result of Nakayama and Tate 
which we shall use in the study of 'Hasse Principle' in number fields. 
We compare the two exact sequences of g-modules: 

1 — > N* — > I — > C — > 1 (1) 
1 — > W — > Y — » Z — » 1 (2) 

Tate's theorem then asserts that we can find elements ct\ e H 2 (g, 
Hom(Z, C)), a 2 e // 2 (g, Hom(7, /)) and a 3 e // 2 (g, Hom(W, N*)) such 
that cup multiplication by these cohomology classes induce isomor- 
phisms H\g,Z) = H u \g,C),H\g,Y) = H i+ \g,l),H\g,W) = H i+2 
(g, N*); moreover there exists a commutative diagram with exact rows: 



- H i+2 {g, N*) - ff +2 {g, I) - H i+2 {g, C) - • • • 

(3) 



H\g, X) H\g, Y) - H\g, Z) 



where the vertical maps are the isomorphisms mentioned above. 
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Let M be a torsian free g-module; tensoring dTJ and © with M we 
get exact sequences of ^-modules: 

\^M®N*^M®I^M®C^l (1') 
l^M®N^M®Y^M®Z^\ (2') 

Then Cohomology classes a\ e H 2 (g,Uom(M ® Z,M ® C)), a.2 e 
H 2 (g, Hom(M ® Y, M ® /)) and a 3 e # 2 (g, Hom(M ® W, M ® iV*)) are 
constructed from a\,aj and 0-3 such that the cup-multiplication by these 
cohomology classes give isomorphisms 

H\g, M®Z) = H i+2 (g, M®C) 
H\g, M®Y) = H i+2 {g, M®I) 

and H'(g, M ® W) = H' +2 (g, M ® N*); moreover there exists a commu- 
tative diagram with exact rows: 

*- H i+2 (g, M ® AT) >■ H ,+2 (g, M ® I) +2 (g, Af ® C) s 

s- Wig, M®W) >■ H\g, M®Y) > H\g, M®Z) s 

(3') 

where the vertical maps are the isomorphisms quoted above. 55 

Another result which we shall need is the following isomorphisms 
also proved in Tate's paper: 

H\g, M®Y) = ® v H\g Uv) , M®Z) (4) 

H\g, M®I) = ® v H\g hiv) , M ® N m ) (5) 

With these preliminary discussion we shall go on to prove 

Theorem 6 (a). Let T/K be an algebraic torus split by the finite Galois 
extension N of K; suppose N/K is cyclic or there exists a place w of K 
which is such that N ®k K w is afield, i.e. there exists a unique extension 
ofw to N; then for any i the canonical map 

H\g, T N ) — > \\ H\g Kv) , T Nh(v) ) (6) 

V 

is injective; here the product on the right hand side is taken over all 
places v of K. 
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Theorem 6 (b). With the notations oftheorem\6\a) let S be a finite set of 
places of K containing the infinite places. If the decomposition groups 
gh(v), v € S are all cyclic then the canonical map 

H\g,T N )---Y\H\gh(v),T Nh(v) ) (7) 

veS 

is surjective. 

Corollary. With the above notations the canonical map 

h\k,t) — > ]~[// 1 (# v ,r) 

veoo 

is surjective. 

56 Proof of theorem 6. a). By theorem [Q we know that T N = X ® N* 
where X = Hom(G m , T) this being a ^-isomorphism; so that H'(g, 7#) = 
&(g,X®N*). Similarly ff(g h(v) ,T Nm ) = &(g m ,X » N* m ). Hence 
we have only to prove that the mapping 

H\g, X®N*) — > Y\ H\gh(y),X ® K (v) ) 

v 

is injective. By the isomorphism ([5]> applied to M = X we are reduced 
to proving the injectivity of the map 

H\g, X®N*) — > H\g, X ® /). 

By (O this is equivalent to proving the injectivity of 

H'- 2 (g, X ® W) — » ^ ! '" 2 (g, X ® F); 
again by the latter will follow if we prove that the map 

H^ig, X ® F) — » 7/^ 3 (g, X ® Z) 
is surjective. We shall prove that the map 

#(g,x®r) ^^'te,x®z) 

is surjective for all i and this will establish our result. We know by 
Frobenius theorem resp. by assumption there exists a place w with de- 
composition group gh( W ) = g', but then in (0]) (with M - X one compo- 
nent on the right hand side is H'(g, X ® Z). This proves the result. 
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Proof of theorem 6. b). The right hand side of 7 is contained in ® v 
H'(gh(v),TN Hr) ). Using and © we are reduced to proving the fol- 
lowing: given elements a v e H\gh( V ), T^ m ) for v € S to find elements 57 
a v € H'(gh( V ), Tn Hv) ) for v € S such that the image of the element (a v ) 
of ®H\gh( V ), T Nm ) under the map H'(g, X ® T) -> (g, X ® C) is zero; 
the latter question is equivalent to the following: given finitely many 
components corresponding to v € S in ®H'~ 2 {gf,( V )X ® Z) to find other 
components so that the resulting element of H'~ 2 (g,X ® Y) will have 
image zero under the map 

H^ig, X ® F) — » #'~ 2 (g, X ® Z), 

we shall prove that this is possible for every i. 

By a theorem of Frobenius since all ghfy) s are cyclic for v e 5 to any 
given v € S we can find a place v of ./V not dividing any place belonging 
to S such that gy = gh( V )\ such a choice is possible in infinitely many 
ways; let v = h(v) where v is a place of K. We can moreover assume 
that the v's are all different; let S 1 be the set of places v obtained in this 
way. Suppose we are given elements fi v € H'(gh( V ),X) for v € S; define 
an element (x v ) € ®H\gh( V ),X) = H'(g,X® Y) by the requirements 

x v - fi v for v € S . 

x$ = -j8 v if v is such that h(y) = v,v e S 

x v = 0ifv$S\JS' 
Then this element has image zero under the map H'(g, X®Y)^> H'(g, 
X ® Z). This proves the result. 

Theorem 7. Let K be a number field and T an algebraic torus defined 58 
over K and split by the finite Galois extension; suppose there exists a 
place v of K for which there exists no non-trivial homomorphism ofG m 
into T defined over K v . Then the canonical map 

H 2 (g,T N )^ Y]H 2 (g h(y) ,T Nm ) 

V 

is injective. 
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Proof. With the notations of theorem [6] a) we have only to prove the 
surjectivity of the map 



where N v denotes the norm mapping of gh&), h denotes the augmenta- 
tion ideal of gh( V ) and n v X denotes the kernel of the norm mapping. Sim- 
ilarly H~ l (g,X®Z) = N g X/I g X, N g denoting the norm mapping of g and 
I g the augmentation ideal of g. If r\ v denotes the map H~ l {gh( V ),X) — > 
H~ l (g,X) got by passage to quotients in the natural inclusion n v X — > 
Ng X then the map H' l (g,X ® Y) -> H~\g,X ® Z) is given after the 
above identification by the rule 



This shows that the proof of the theorem will be completed if we can 
59 show the existence of a place v for which n y X = N g X holds; we claim 
that the place v given in the statement of the theorem will suffice; for by 
assumption = (Hom(G m , T)) gh( * = (1); since image N v c (Xp<"> 

we must have image N v = (1) which implies that n v X = X but then 
n X = X and so we are through. □ 



A~ l (g,X®Y) — » H~\g,X®Z). 



By © we have 



H-\g, X®Y) = ®H-\g h(v) ,X 8 Z) = N*/I V X 




Chapter 4 

^-adic group 



4.1 Statement of results 

60 

In this chapter by a ^-adic field we mean a discrete valuated complete 
field of characteristic zero with finite residue class field. We shall first 
state two theorems 

Theorem 1. Let G be a linear algebraic group defined over a &-adic 
field K and assume G to be semi - simple and simply connected; then 
H\K,G) = {\\ 

Theorem 2. Let G be a semisimple and connected algebraic group de- 
fined over K; let G — > G be the simply connected covering with kernel 
F. Then the mapping 8 : H l (K, G) — > H 2 (K, F) obtained from the exact 
sequence of algebraic groups 1— >F— »G— >G— surjective. 

Putting these together we can conclude that 5 of theorem [2] is ac- 
tually bijective. For H l (K,G) - {1} by theorem [T] so that only the 
distinguished element of H l (K, G) gets mapped into the distinguished 
element of H 2 (K,F) by 8 . Now suppose two elements (a s ), (b s ) of 
H l {K,G) get mapped into the element of H 2 (K,F) by 6. Twist G by 
the cocycle (a s ) and call the twisted group a G. Since G operates on G 
by inner automorphisms G can be twisted by (a s ); let a G be the twisted 
group. The resulting sequence 1 — > F — > a G — > a G — > 1 is again exact; 
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moreover since a G is the simply connected covering of the semisimple 
group a G by the first part of the argument the images of the cohomology 

61 classes (a s ) and (b s ) under the bijective mapping H l (K, G) — > H l (K, a G) 
are both the distinguished element of H l {K, a G) and so (a s ) and (b s ) are 
cohomologous. Hence 6 is bijective. This shows that a knowledge of the 
cohomology of the finite abelian group F will enable us to determine the 
cohomology of G. 

We shall prove these theorems only for the classical groups, follow- 
ing the first part of lfT6l ; the second part of that paper contains a case 
by case proof for exceptional groups. More satisfactory is the general 
theory of semisimple groups over ^-adic fields by F. Bruhat and J. 
Tits [3] of which theorem Q] is a consequence. 

We start by classifying the ^-adic classical groups. By the results 
of chapter |2j this reduces to the classification of simple algebras A over 
K with involution /. Let (A, /) be a central simple algebra over K with 
involution /. If A" is the opposite algebra / gives an isomorphism of A 
onto A" so that invxA = invKA°, even if / is of the second kind, and so 
the isomorphism between A and A" is not a ^-isomorphism; but since 
A° is the inverse of A in the Brauer group Bk by 93.21 theorem |2] we 

gave inv^A = -inv^A so that inv^A = or -; in the first case A is a 
matrix algebra over K. In the second case let A = D ®k Mt(K) where 
D is a division algebra over K. Since invKMr(K) = and uivkA = 

inv^D + invKM(K) mod 1 we have inv^D = -, i.e. D is a quaternion 
division algebra so that A is a matrix ring over the quaternion division 
algebra D. This gives the following 

62 Proposition 1. Any central simple K-algebra with involution is either 
a matrix algebra over K or a matrix ring over quaternion division al- 
gebra. Using these results we shall prove the following classification 
theorem. 

Theorem. The only simply connected absolutely almost simple classical 
groups over K are the following : 

A n -Norm-one group of simple K-algebras 
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A n -Special unitary groups of hermitian forms over quadratic exten- 
sions ofK 

C„-Sympletitic groups and unitary groups of hermitian forms over 
quaternion division algebras. 

B n , D n -Spin groups of quadratic forms, spin groups of skew hermi- 
tian forms over quaternion algebras 

Proof. For type l A n there is nothing to prove anew. For subtype 2 A n we 
know the corresponding groups are jjc e A/xx 1 = l;Nx = l} where A is 
a simple /f-algebra with involution / of the second kind and N stands 
for the reduced norm. We know by 92.51 that A = M r (L) where Lisa 
quadratic extension of K. If x = (xn) e M r {L) let x* - (x 1 -); then x — > x* 
is an involution of the second kind on M r (L). Since the restrictions of 
/ and * to L are the same there exists an invertible element a € A such 
that x 1 = ax*aT x for every x e A. We saw in 92. 51 that a can be chosen 
to satisfy a* = a, i.e. hermitian. The condition xx 1 = 1 means that 
xax* = a, i.e x is an element of the unitary group of a; the condition 
,/Vx = 1 means det x = 1 under the identification AM r {L). Hence x is 63 
actually an element of the special unitary group of the hermitian form 
defined by a. Conversely groups defined in this way belong to subtype 
A n . The other types are classified in 92.61 □ 



4.2 Proof of theorem 2 

We shall now prove theorem |2l We shall construct a commutative sub- 
group T c G such that f d F and such that H 2 (K, f) = {1}. Then the 
diagram below is commutative with exact rows. 

1 *~F >G >G 1 

A A A 



1 >■ F ^ f ^ T M 
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Here T is the quotient of f by F and the vertical maps are inclusions. 
Using H 2 (K, f) = {1} we then get a commutative diagram 

H\K,G) H 2 {K,F) 

H l (K, T) H 2 (K, F) >• 1 

which shows that 8 : H Y (K,G) — > H 2 (K,F) is surjective, hence the 
theorem will be proved if we can construct such a f . For this we have 
the following 

Lemma 1. G contains an algebraic torus T defined over K and con- 
taining F such that H 2 (K, f) = {1}. 

By the results of 92. 21 it suffices to prove lemma \Tjfor G absolutely 
almost simple. We know by Q3.2\ theorem\5\that iff is a torus ofG over 
K split by the Galois extension L of finite degree over K then 

H\g L/K f) = H°{g L/K X T ) where X T - Hom(G m , f ) 

is the set of homomorphisms ofG m into T defined over L. Since center 
G D F, if we can construct a torus T such that i) T D centre of G 
and ii) there exists no nontrivial rational homomorphism of G m into T 
defined over K, then it will follow that H (gi/i(Xf) = {1} and by what 
precedes lemma |7] will be proved after passing to the inductive limit. 
Hence lemma\l\is a consequence of the following 

Lemma 2. IfG is a simply connected absolutely almost simple classical 
group over K there exists a torus T/K containing the centre such that 
there exists no non-trivial homomorphism ofG m into T over K. 

Type A n : here G = {x € A/Nx = 1} where A is a simple ^-algebra. 
Let L be a maximal commutative subneld of A and define T = {x e 
L/Nx = 1}; we saw in 93.2I Example 2 that T is a torus; clearly T c G 
and contains the center of G. 

We claim that T satisfies our requirements: let L* be the torus de- 
fined in ^XT] Example 1 let / : L* — > be the isomorphism defined 
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over K. Let for each i such that 1 < i < n + 1 , w ; - be the homomorphism 
Ui : G m — > GJ^ +1 defined by x — > (1, . . . ,x- • • 1). These w,'s gener- 
ate Hom^(G m ,G^ +1 ) this being the set of rational homomorphisms of 
G m into G^ 1 , defined over K. Hence ■ ui generate Honi£(G m , T); 65 
moreover these f'ou^s are free generators of the free abelian group 
Honi£(G m , T). The isomorphism / : L*^ — > (X*) n+1 is defined in the 
following way; let ^i, ... , s ra+ i be the distinct ^-isomorphisms of L into 
£; then / is induced by the map L ®g K — > K ® • • • ® K given by 
x ® y — > ( Vl x.y, S2 x.y, - - - , s " + 'x.y). Using this it follows that if F is a fi- 
nite Galois extension of K which splits T then acts transitively on 
the set of f~ l ou' i s and that its action is simply to permute them. This 
implies if Yl(f~ lou i) n e Hom^(G m , L*) then r, = r for all i. The image 
of n{f~ l oui) n will be in T if and only 2 r,- = 0; these two conditions 
can be satisfied only when all the r, are zero. Hence there exists no non- 
trivial homomorphism of G m into T defined over K. This proves the 
lemma for the subtype l A n . 

Next consider the subtype 2 A n ; these are special unitary groups of 
hermitian forms over quadratic extensions L of K. Let G = SU(h) 
accordingly; choose an orthogonal basis e\, e-i, ■ ■ ■ ,e n +\ of the corre- 
sponding vector space. Define T - {x e G/xet - Xie\\ where the A' t s 
are scalars; the A' f s satisfy the conditions Yl M ] - 1 and N^/K^i - L this 
shows that T is isomorphic to a product of groups of the previous type 
considered and we can repeat the argument for each of the components 
of this product. 

Next consider the type C„: Here we have to consider i) G = S p2 n «') 
G=unitary group of hermitian form over quaternion division algebra. 

Case (i). We have S p 2n S p 2 x • • • x S p 2 = S L 2 x • • • x S L 2 ; since 66 
SL 2 

n factors n factors 

is of type 1 A n we can construct a torus T\ of dimension one in 
S L 2 containing the centre of S L 2 for which Hom^(G m , T\) - {1}. 

Then T - T\ X • • • X T\ will be a torus of the desired kind; for 



n factors 
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Hom^(G„,,r) = {Hom/f(G m , T\)} n = {1}. The centre of Spi n is 
{±1} which is contained in the centre of S p^", hence centre S p2 n c 
centre S but T" D centre of SL^; hence T d centre S/?2n^ this 
proves the result in this case. 

Case (ii). The argument is similar; let G = U n (C/K,h) where C is a 
quaternion division algebra over K and h is a non-degenerate her- 
mitian form over C. Taking an orthogonal basis for the corres 
ponding vector space we see that U n (C/K,h) contains the prod- 
uct of n one-dimensional unitary groups operating on C as a left 
vector space over itself with h(x,y) = xoy 1 ; here I is the standard 
involution on C and a e K. Any C-linear automorphism of C is 
of the form x — * xA with A e C* .h(xA, yA) = h(x, y) <==> AA 1 = 1 . 

Hence U\(C/K,h) is isomorphic to the group of elements of C 
with norm 1 and so U\ is a group of type l A n . Hence by what we 
have proved there exists a torus T\ of dimension one defined over 
K containing the centre of U\(C/K,h) and such that Hom/f(G m , 
T\) = {1}. Define T = T"; as in the last case considered T will be 
a torus having the requisite properties. 

67 Next consider types B n , D n : 

i) G = S 02n(n > 2); we need the following 

Lemma 3. Let V be a non-degenerate quadratic space over K of di- 
mension In with n > 2. Then there exists an orthogonal splitting V = 
V\ -L V% -L • • • ± V n where the V's are two dimensional anisotropic 
subspaces. 

We shall assume this lemma for the moment. Let T, be the special 
orthogonal group of the quadratic space Vf, then S02„ ^ T\ X • • • X T n ; 
we have shown in 93.11 Example [31 that the T.s are algebraic tori; define 
T = T\ x • • • x T„ ; we claim that this torus satisfies our requirements. The 
proof of this is exactly the same as in the case of S p% n \ we have only to 
use the fact that the centre of SOm is ±1. Consider the spin group now; 
let p : Spin 2 „ — > S Oi n be the covering homomorphism. If T is the torus 
of S02n constructed as above then we claim that t - p~ l {T) has the 
required properties; firstly since p\t : f — > T is a surjective morphism 
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with finite kernel if we prove that t is connected it will follow from 
93.11 Remark 2 that f is an algebraic torus. 

Let V\ be a two dimensional anisotropic quadratic space. Then the 
Clifford algebra C(V\) is of dimension 4 and C + (V\) is just K( ->Jc) where 
c is the discriminant of Vi and the * automorphism is the non-trivial K- 
automorphism of K(^). Hence we have Spin 2 (\ / i) = {x e C + /xx* = 
1} is isomorphic to the group of elements of K(^)/K with norm 1 
which is a torus. In particular Spin 2 (Vi) is connected. Moreover if 68 
T. = Spin(Vi) is considered as a subgroup of Spin(V) then p~ [ (T) = 
p~ 1 (T\ X • • • X T n ) = T[ x • • • x T' n is connected. Hence as said before 
t is a torus. Evidently t D center of Spin 2 „ since T D center of S02 n - 
Next if / : G m — > t is a non-trivial homomorphism defined over K, 
f(G m ) is one-dimensional; since the kernel of p\t : t — > T is zero 
dimensional the composite p\tof will be a non-trivial homomorphism 
of G m into T defined over K which contradicts the property of T; hence 
Hom^(G m , t ) = {1} and so f has the required properties. For type D n 
we need the following 

Lemma 4. If h is a skew-hermitian form on the quaternion division 
algebra C over K then SU\(C, h) is a torus T without non-trivial homo- 
morphism ofG into T over K. 

Proof. If h(x,y) = xay 1 with a 1 - -a, then SU\{C,h) = {x e C/xax 1 = 
a,Nx = 1} = {x € C/xa = ax,Nx = 1}, i.e. the elements of norm 1 in 
the quadratic extension K(a). □ 

Since our groups of type D n are isomorphic to the unitary group of a 
skew-hermitian form over a quaternion division algebra say U„(C/K, h) 
we can carry out the procedure adopted for S Ojn to construct a torus 
with the requisite properties for U„(C/K; h). 

Proof of Lemma 3. To start with let the quadratic space V be of di- 
mension four. There certainly exists a decomposition V = V\ J. Va 
with Vu V2 two dimensional and V2 containing an anisotropic vector ez\ 
let # be the quadratic form associated with V. If both V\ and V2 are 69 
anisotropic there is nothing to prove. So suppose V\ is isotropic. Using 
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the fact that the quadratic form of an isotropic space represents any non- 

—a 

zero element of K we can choose ei e so that ( ${e\, e\) = — 

where a is some element of K* which is not a square and not equal to 
the discriminant of V modulo squares, the choice of such an a being al- 
ways possible in the ^-adic field. Then the two dimensional subspace 
V[ - Key © Ke2 of V has discriminant equal to -a modulo squares; by 
the choice of a, V[ is anisotropic; if V 2 it the orthogonal complement of 
it is also anisotropic since by choice a £ -d(V) mod squares. 

Hence V — V[ ± VL is the required decomposition. The general case is 
proved by induction on the integer 2n. If n = 2 we have just seen that 
the lemma is true. So we can assume that n > 3 and that the lemma is 
true for all subspaces of V of dimension 2m with 2 < m < n. Let U be 
a four dimensional non-degenerate subspace of V. Let V = U ± W be 
an orthogonal splitting. For U we have a decomposition U - V\ J. Vi 
with V\ and V2 both anisotropic. The subspace V2 ± W is of dimension 
2(n - 1) > 4 so induction assumption can be applied. 
Hence there exists an orthogonal splitting V2 -L W = V' 2 ± ± 
• • • J. V' n where V' 2 , VL . . . V' n are anisotropic subspaces of dimension 
two. Hence V = Vi ± V 2 ± V!, ± • • • ± V' n is a splitting of the required 
kind for V. This proves the lemma. 

Now consider S C?2«+i for odd dimension. In this case we can prove 
that the corresponding vector space has a decomposition V\ -L • • • ± 
V n ± W with V-s two dimensional anisotropic and W one dimensional. 
As before we can prove that p : Spin 2n+1 — > SC>2n+i is the covering 
homomorphism and T = S 0(Vi) X • • • x 5 0(V n ) then p~\T) will be the 
torus with the required properties. This completes the proof of theorem 

El 

4.3 Proof of theorem 1 

Type l A n : The classical group of this type is G = {x € A/Nx = 1} where 
A is a simple ^-algebra. From the exact sequence 1 — > G — > A* — > 
G m —> 1 and from the fact H l (K, A*) = {1} proved in 1.7. Example 1 we 
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get the following exact sequence of cohomology sets: 

A* K ^ K* -> H\K,G) 1. 
To show that H (K, A*) = {1} we have only to prove the 

N 

Lemma 1. A* K — > /T* jj surjective. 

Proof. Let f e F be a prime element i.e. an element of order 1 in 
the discrete valuation. The polynomial f(x) = x n+i + is an 

Eisenstein's polynomial over K and consequently irreducible. Hence 

is a field extension of K of degree (n + 1) so that by theorem 

if) S y 

33.21 A is split by the extension ~r^p Hence there exists a K- 

isomorphism of — j^- onto a subfield L of A; the reduced norm of an 

element of L is the usual norm Nl/k', since the residue class of x in 

— — - has norm over K equal to t we see that t is the reduced norm of 
if) 4 

an element of A*. Next if e be any unit of K* both t and te are prime 
elements and so they are reduced norms of elements of A* ; consequently 
s is the reduced norm of element of A*. Since any element of K* can be 71 
written as fs where reZ and £ is a unit the lemma follows. □ 



Type 2 A„. Here G = S U n+l (LIK, h) where [L : K] = 2 and h is a her- 
mitian form over L. Since we have seen from the Dynkin diagram that 
there is no subtype 2 A\, S U2(L/K, h) is isomorphic to a group belonging 
to type l A n • A simple direct proof will be as follows. 

Lemma 2. Let A be a quaternion K-algebra with involution I of the 
second kind; let L be the centre of A so that [L : K\ — 2. Then the 
group Gi = {jc € A/xx 1 = l,Nx = lj is isomorphic to the group G2 = 
{x € B/Nx - 1} where B is a quaternion algebra of centre K. 

Proof. We proved in 32 . 5 I proposition [T1 that there exists a quaternion al- 
gebra B of centre K such that A = B®k L, that / induces the standard in- 
volution on B and on L the action of / is the non-trivial ^-automorphism. 
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Let L - K( yfd) Then any x e A can be written as x = xi ® 1 + x 2 ® yd. 
Then □ 

XX 1 = (xi ® 1 + x 2 ® V<i)(Xj ® 1 - x 7 ® - (Xix{ -(ix^)® 1 +(x 2 X 7 - 
xiXj) ® the condition xx 7 = 1 implies (x^x^ 7 = x^X2, hence 
x 2 = tx\ with? e K. Thenx = xi®l+fxi® = xi®(l+/ V5) = xi®z, 
say where z € L. Now xx 7 = 1 is equivalent to xixj ® zz 1 = 1; the 
condition A^x = 1 is equivalent to xixj ® z 2 = 1 (because in B, x\x\ is 
the reduced norm; the term z 2 accounts for the fact that in A the reduced 
norm is taken with respect to L). The last two conditions give z = z 1 ; 
i.e. z € K; hence if x € Gi we have proved that x = x\z ® 1 i.e. x € B; 
but then B, xx 1 = 1 and Nx = 1 are equivalent; hence the lemma. 

The lemma implies by case l A n that H l (K,SU 2 (h)) = {1}. Let V 
be the vector space of (n + 1) dimension over L corresponding to this 
hermitian from h; choose a vector a 6 V such that h{a,d) + 0. Let H 
be the subgroup of G consisting of those elements which fix the vector 
a. Then H is the unitary group S U n of dimension n corresponding to 
the orthogonal complement of a in V. Applying induction on n we have 
only to prove the following. 

Lemma 3. The map i : H l (K,SU n ) — > H (K,SU n+ i) induced by the 
injection SU n — » 5 f/ n+ i w surjective for n> 2. 

Proof. Let a - (aj € H l (K,S U n+ \); (a) is in the image of i if and 
only if the twisted homogeneous space a (S U n+ \IS U n ) has a ^-rational 
point by 31.51 Proposition Q] Now SU n+ i/SU n = U n+ i/U n . Let T = 

jx € V/h(x, x) - cj where c = h(a,a), U n+ \ acts transitively on T 

and the subgroup of U n+ i fixing T is [/„; hence U n+ \IU n = T so that 

Since G is a group of L-automorphisms of V and that the hermitian 
from h is fixed by all these automorphisms we can twist both V and h 
by the cocycle (a s ) to get a vector space V and a hermitian form h' and 
an isomorphism / : V ®k K — > V ®^ ^ such that f~ 1 o s f = a s . Let 

r = Jx e V7/j'(x,x) - cj; then /(T) - T holds; and / _ V/ = a s 

show that T' = a T . We have only to shows that T has a ^-rational 
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point. But this follows from the fact that any non-degenerate hermitian 
form of dim > 2 is a quadratic form of dimension > 4, and so over 
a local field represents any non-zero element of the field. Hence the 
lemma is proved and consequently theorem / for type A n . 
Type C„ i) G - S p2 n ', we proved in 31.71 Example|3]that H l (K, S p2 n ) = 
1. ii) G - U n (C/K, h) where C/K is a quaternion algebra of centre K and 
h is a non-degenerate hermitian form over C; let V be the corresponding 
^-dimensional vector space. For n = \Ui(C/K,h) is isomorphic to a 
group of type x A n so that H l {K, Ui(C/K,h)) = {1} by theorem Q] for 
type A n . Let U n -\(C/K, h) be the subgroup of U n (C/K,h) fixing an 
anisotropic vector of V; then just as in the discussion of type 2 A„, the 
map H l (K, U n -i(C/K,h)) H\K, U n (C/K,h)) is surjective. Here we 
have only to use the fact that any hermitian form h with respect to the 
standard involution on C represents any non-zero element of the local 
field K. Applying induction on n we see the truth of theorem Q] in this 
case. 

Types B n and D n . First consider SO n and its universal covering Spin 
n; for n < 6 the theorem follows by the isomorphism of Spin n with 
group of the previous types considered; for example Spin 3 is the norm- 
one group of the second Clifford algebra which is a quaternion algebra 
( 3231 & H3) and so H l (K,Spin 3 ) = {1}; we can assume n > 4 and 
apply induction; let 0„-i be the subgroup of 0„ fixing an anisotropic vec- 74 
tor; then Spin„ / Spin,^ = SO n /SO n -i = O n /O n -i; by Witt's theorem 

O n /o„-i - l x e V/&(x,x) - ^(a,a)^ have V is the vector space corre- 
sponding to the quadratic form and a is the anisotropic vector chosen. 
Applying the twisting argument and the fact that any quadratic form 
over a ^-adic field K in at least four variables represents any non-zero 
element of K it will follow that the map H l (K, Spin^.j) -> H\K, Spin,,) 
is surjective for n > 4. Induction now works for the proof of theorem[TJ 
Finally consider the remaining classical groups of type D n ; they are 
G = Spin„(C I K, h) where C is a quaternion algebra over K and h is a 
skew hermitian form over C with respect to the standard involution on 
C. Let V be the corresponding vector space over C. Then G is the simply 
connected covering of S U n (C/K, h) the special unitary group. Now for 
n = 3 this group is isomoiphic over A" to a group of type A3 so that 
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its Galois cohomology is trivial. This can be used to apply induction 
on n. If £/ n _i is the subgroup of U„ fixing an anisotropic vector of V 
then Spin„ /s P in„_, = S U n l SUn _ x = UJu^; in this case also UJ Un _i is 
a sphere; by the methods previously employed it is now evident that the 
truth of theorem Q] will be guaranteed by the following 

Lemma 4. Any skew-hermitian form h'(x,y) over C of dimension at 
least three represents any non-zero skew-quaternion of C. For proofs 
75 see H14\l , H16\l , H22\l . We shall give here one more proof using the iso- 
morphisms ofS U with groups of type A\ X A\, A3. 

Proof. Let c e C be the skew quaternion of the theorem. It is sufficient 
to consider vector spaces of dimension 3. Let V be the vector space 

corresponding to h'(x,y); we have to shows that the sphere S' = jx' e 

V'/h'(x,x) - cj has a ^-rational point. Construct a vector space V of 

dimension 3 over C with a skew-hermitian form h which represents c 
^-rationally. V can also be constructed to have discriminant equal to 
that of V. This is assured by the following □ 



sublemma. Any non-zero element of a quaternion algebra C over any 
field K can be written as the product of two skew symmetric elements 
of C with respect to the standard involution. 

Proof. Let c e C, c + be given; let C denote the space of skew 
symmetric elements of C; the intersection cC n C is non-zero since both 
C~ and cC~ are of dimension three whereas C is of dimension 4; hence 
there exists two non-zero elements c\,c% e C~ such that cc\ = C2; i.e, 
c = ci\ here both cj 1 and C2 are skew symmetric. This proves the 
sublemma. □ 

We know that any non-zero element of K is the reduced norm of 

d(V) 

an element of C; choose d € C so that Nd - ; write d - d\do 

Nc 



where d\ and J2 are skew symmetric; the matrix 



c 
di 
d 2 ) 



is skew 
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hermitian and if the vector space V is provided with the hermitian form 
h corresponding to this matrix then h represents c and that discriminant 76 
of V. Now (v, h), and (V, h') are isomorphic over K; let / : Vg — * V'^ 
be this isomorphism, then f~ l o s f = a s € Uj,{V,h) where U denotes the 
unitary group of h; since the discriminants of V and V are equal we have 
by §12.6l lemmal3lthat a s e S UT,{V,h); let be the unitary group of the 
orthogonal complement of a chosen vector representing c; let S be the 

homogeneous space 5 U3/S U2 which is the sphere jx € V/h(x, x) = cj; 

then the sphere S is just the twisted sphere a S . The proof of the theorem 
will be achieved once we prove that the cocycle (a s ) is in the image of 
the map H l (K,SU 2 ) -> H l (K,SU 3 ); we shall actually prove that this 
map is bijective. The commutative diagram 

1 > Z 2 > Spin 3 >- 5 Ui >- 1 

A A 

1 Z 2 *- Spin 2 s- 5 U 2 > 1 

with exact rows and whose vertical maps are the natural ones, gives rise 
to the commutative diagram 

H l (K,SU 3 )^^H 2 {K,Z 2 ) 

identity 

H\K,SU 2 )^~H\K,Z 2 ) 

By theorems (1) and (2) the rows are isomorphisms; since the righthand 
column is an isomorphism the left hand column is also an isomorphism. 
This proves the result. Hence theorem[T]is proved completely. 
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5.1 Statement of results 

77 

Let G be a semi-simple and simply connected classical group defined 
over a number field K. 

Theorem 1. The canonical map i : H l (K,G)^ n H\K v ,G)isbijec- 

Veoo 

tive 

Theorem 1 a. The mapping i above is injective 

Theorem 1 b. The mapping i above is surjective; this is true even for 
connected semisimple groups but not necessarily simply connected. 

Theorems l[a|and l|b]b) together imply theorem [TJ 

Let G/K be a semisimple and connected classical group; let p : G — > 
G be the universal covering with kernel F. The exact sequence 

1 — > F — > G — > G — > 1 

defines a map 5 : H\K, G) -> # 2 (X, F). 

Theorem 2. The map 6 defined above is surjective. 

In theorem\l\we any replace \\ by f]> since H l (K v ,G) = I for 

veoo v 

v £ oo b y theorem\l\of chapter^ The injectivity of the map H Y {K, G) — » 
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|~I H (K v , G) is known as the Hasse principle for H of G. Harder [H] 

V 

has proved theorem\l\for any simply connected semi-simple group G/K 
not containing any factor of type Eoo. IfG is semi-simple and connected 
and if\:G^>Gbe its simply connected covering with kernel F then 
Hasse-Principle for H 1 ofG is equivalent to the Hasse Principle for H 2 
ofF. The proof of this makes use of a simple lemma in diagram chasing 
which we shall state without proof for future reference. 

Lemma 1. Let A\, A 2 , A3, A4, B\, B 2 , B3, B4 be sets with distinguished 
elements and suppose we have a commutative diagram with exact rows 



A 2 



h 


h 




Y 







B\ 



B 2 



B^ 



Ba 



Let fi be surjective, f% injective and has trivial kernel then has 
trivial kernel. 

For the present assume theorem[T]|2l if Hasse-principle for H l of G 
is valid then in the diagram below B is injective; 



H l {K,G) 



Y\H\K V ,G) 



H (K,G) 



Y\H\K V ,G) 



H (K, F) 



1 



Y\H l (K v ,F) 



The top row is exact by theorem[2l a is surjective by theoremQ] Clearly 
the bottom row is exact. Hence by lemma 1, y has trivial kernel; i.e. 
Hasse-Principle for H 2 of F holds. Conversely suppose Hasse-Principle 
for H 2 of F holds; the diagram below is commutative with exact rows 



H l (K,F) 



FI H l (K v ,F) 



H\K,G) 



FI H\K V ,G) 



H l (K,G) 



Y\H l (K v ,G) 



H 2 (K, F) 



UH 2 (K V ,F) 
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where 00 denotes the set of archimedean places; in view of theorem [T] 
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B is bijective; by assumption n is injective; also a can be shown to be 
surjective; hence by lemma 1, y has trivial kernel, by a twisting argu- 
ment which we have used several times it follows that y is injective i.e. 
Hasse-Principle for H 1 of G holds. 

The first step in the proof of theorem Q] is reduction to the case 
of absolutely almost simple groups which we shall now carry out; G 
is a finite product of ^-almost simple groups say G = Y[Gf, since 
H l (K, G) = H\K, Gj), H l (K v , G)sfJ H\K V , G,), for the proof of the- 
orem [T] it is enough to consider ^-almost simple groups. So suppose G 

r 

is .fiT-almost simple. By § l2.2l (fTT) we know that G = Yl H, where H^s are 

^-almost simple groups and that gg/ K acts on the set of the H-s by per- 
muting them; moreover this action is transitive; hence if h denotes the 
isotropy group of H = Hi ing = g^/K we nave G = II S H; let L be the 

seg/h 

fixed field of h and let M be any finite Galois extension of K containing 
L. For any A'-algebra A we denote by Ga the set of A- valued points of G 
i.e. if G = Spec B then G A = Hom(Spec A, Spec B) = Hom K - a i g (B, A). 
Consider the diagram below 

H 1 (g m /K,GM) *■ H (gM/K,GM® K K v ) 

a 

V 

H l (gMIL,HM) *- H l {gMIL,H.M® K K v ) 

where a, 8 are the isomorphisms given by lemma Q] of § 11.31 f\, g\ 80 
are the natural homomorphisms obtained from the canonical mappings 
G M -* Gm® k k v and H M -> H m ® k k v \ now M ® K K v s ®M V where v 
runs through all places of M extending v and gM/K permutes the compo- 
nents My transitively, the isotropy group of one particular M v being its 
decomposition group g M -,K r - By lemma Q] of O H l (g M/K ,G M ®K v ) = 
H l (gMf/K v ,GM i , and with this identification, f\ becomes the canonical 
map H\g M/K ,G M ) -» H\g Mv/Kv ,G Mf ). Similarly M ® K v = M ® L 
(L (gi/f K v ) = ®M® L L W = <& © M»,, and so 

wjv wjv wjw 

w/v wjv 
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where for each w, w is an extension of w to M. Therefore the Hasse 
Principle for H 1 of G will follow if we can prove the same for H; hence 
for the proof of theorem[T]we can restrict ourselves to absolutely almost 
simple and simply connected classical groups. 

Before proceeding with the proofs of theorems [T] and [2] we shall 
discuss the types of involutory algebras (A, I) over K. If / is of the 
first kind, A = A°, so A is of order 2 in the Brauer group and therefore 
A is either a matrix algebra over K or a matrix ring over a quaternion 
division algebra (cf. De ,e.g.). In the case of ^-adic field we saw 
(§ 14.11 proposition [J) that the only division algebra with involution of 
the second kind and with centre L is the field L itself. But in the case 
of number fields the situation is different. In fact we shall prove the 
following 

81 Proposition 1. There exists a division algebra over K of any given de- 
gree m with an involution of the second kind. 

Proof. Choose extensions L/F and M/K such that i) [L : K] = 2 ii) 
M/K is cyclic of degree m iii) L and M are linearly disjoint over K. Such 
a choice is always possible. Then ML/L is again a cyclic extension and 
if cr is a generator of gML/L then cr/M is a generator of gM/K- We shall 
construct A as a crossed product A = (ML/L,o-,a) where a € L* to be 
suitably chosen; this is by definition a left free module over ML with 
basis 1 = u°, u 1 , . . . , u m ~ l and the multiplication rules are given by 

ux = cr x ■ u for x e ML 
u', u J = u' +J if i + j < m, 
u'.u j = au' +j ~ m if i + j > m. 

□ 

A is a simple algebra with centre L; we then require a 1 = a~ l and 
define / : A — > A as follows: I\M is the identity, I\L is the non-trivial K- 
automorphism of L and u 1 = u~ x ; if x = £ X{u' is any element of A with 
Xj e ML we define x 1 = £ u~ l xh with this definition for any x € ML, 
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(o~x) - using this it follows that / is an involution; clearly / is of 

the second kind. We seek an additional condition on a to make A into a 
division algebra, a 1 = a~ l is equivalent to Nl/k<^ = 1 which by Hilbert's 
theorem 90 implies a = b 1 lb for some b € L. We have only to choose 
b properly. By Frobenius theorem we can choose a prime divisor p in 
K with the properties i) if p is any prime divisor of M dividing then 82 
[M p : K?p] = m and M v /Ky is unramined; ii) p splits into two distinct 
prime divisors ^\ and 5^ in L. Next choose ieL such that b e but 
b i^,b and & integral at We claim that with this choice of a, 
A is a division algebra. For ML/L is unramined at ^2 and for cr one can 
take the Frobenius automorphism; we shall calculate the ^-invariant of 
(ML/L,o~,a); ord% 2 a = 1 by the choice of b in a = b 1 lb; hence the ^2 

-invariant will be — since the local degree of ML/L at ^2 is m by our 
choice of s $. Hence (ML/L, cr, a) has order m in the Brauer group. Now 
the index of an algebra being a multiple of the exponent the index of 
(ML/L, cr, a) is m, so that it is a division algebra. 

By § 92.41 and I2.6L the absolutely almost simple simply connected 
classical groups are classified as follows: 

Type l A n : Norm-one-group of simple algebras " 2 A„: Groups be- 
longing to this type are G = jx € A/Nx = 1, xx 1 - 1 j where A is simple 

^-algebra with involution / of the second kind, the centte L of A being 
a quadratic extension of K. 

Type C„ : Symplectic groups of the special unitary groups of hermitian 

forms over quaternion algebras; 

Types B n , D n : Spin groups of quadratic forms 

Spin groups of skew hermitian forms over quaternion algebras. 

5.2 Proof of theorem 2 

The ideal of the proof can be explained as follows: 83 

1. Prove that an element in H 2 (K,F) is trivial locally at all places 
outside a finite set 5 of places of K. 
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2. Construct a torus t c G containing F such that H 2 (K V , f) = {1} 
for v e S and such that the Hasse principle for H 2 of f holds. 

Assuming 1) and 2) have been achieved we have a commutative 
diagram with exact rows: 




T is the quotient of T by F and the vertical maps are the natural ones. 
This gives on passing to cohomology a commutative diagram in which 
the top row is exact: 

H l (K, T) H 2 (K, F) H 2 (K, T) 

identity 

H\K,G)-^H\K,F) 

Given a 2-cohomology class a - (a s ) e H 2 (K, F) construct the set 5 
of places as in 1) and T as in 2). By 1) and 2) h(a) is locally trivial at 
all places; since the Hesse principle for H 2 of f holds by construction 
h(a) must be trivial; hence a is in the image of 62 and hence of 8\. This 
proves the theorem provided we can ensure steps 1) and 2). 

84 Step 1. Let (a s ) e H 2 (K, F) be given; we have H 2 (K, F) =^> H 2 (g L/K , 

Fl) where L runs through the set of finite Galois extensions of K; by 
choosing L big enough assume that (a s ) comes from H 2 (gL/x, F£) and 
that Fi = F^\ this being possible by the finiteness of F. We define 
S to be the set consisting of archimedean places and all those places v 
of K which are ramified in L/K; we shall show that this S satisfies our 
requirements; let v g S and suppose w is an extension of v to L; let I, k 
be the residue fields of L w and K v respectively; since v is unramified 
in L/K, g m = g LJKv and we have an isomorphism H 2 {g Lw/Kv ,F- k ) = 
H 2 (gi/k, Fl)- Since the cohomological dimension of the finite field k is 
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one ( |[T9l , II § 3) we have H 2 (gij k , F£) = 0; hence there exists a finite 
extension say I' of k containing / such that the inflation map 

H 2 (g l/k ,F k )^H 2 ( gl , /k ,F k ) 



is zero. We can find a finite Galois extension say L' w of K v containing 
L w and unramified at v with residue field isomorphic to /'; we then have 
H 2 (G r/k ,F) = H 2 (g K/Kv ,F) and the inflation map H 2 (g Lv>/Kv ,F) — > 
H l (gL'„./K r , F) is zero, so a = 0. This completes the proof of step 1). 

Step 2. To any given v € S we construct a maximal torus T v c G con- 
taining F and defined over such that H 2 (K v ,f v ) = {1}; by § I4.2[ 
lemma [TJ this is possible for every non-archimedean v € 5 ; moreover 85 
we can assume that S contains at least one non-archimedean place v and 
remark that for this v by the construction of § 14.21 lemma [T] there is no 
non-trivial homomorphism of G m into f v over K v . For archimedean v, 
the same lemma Q] holds, but we omit the proof. By an approximation 
argument, we can then find a torus f defined over K such that f = f v 
over K v for every v e S . Hence H 2 (K V , f) - (1) and t evidently con- 
tains F. We have only to establish the Hasse Principle for H 2 of f . 
Suppose (a s ) € H 2 (K, f) has trivial image in H 2 (K V , T) for all places v 
of K; given v we can find a finite Galois extension L/K which splits f 
such that (a s ) comes from an element of H 2 {gi/K', 7l) and that the im- 
age of (a s ) under the map H 2 (g L/K , f L ) -> H 2 (g L y /Kv , f LP ) is zero; here 
v denotes some extension of v to L; this follows from the expression of 
H 2 () as inductive limit. Since any cohomology class of H 2 (gL/K, f) is 
trivial locally for all but a finite number of places (this follows from the 
results of chapter |3j in particular theorem \T\ and the isomorphism (5)) 
we can assume that the extension L has been so chosen that the image 
of (a s ) € H 2 (g L/K T) under the map H 2 (g L/K , T) H 2 (g u/Kr , T) is zero 
for all v. § l3.2l theoreml7lthen implies (a s ) is trivial. 

This proves theorem |2 
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5.3 Proof of theorem l|b] 

We have to prove that if G is semi-simple and connected then the map- 
ping H\K,G) — > ]~[ H l (K v ,G) is surjective; on the right hand side 

V 

we have only to consider real infinite places since for complex places 
H\K V , G) = {1}. Hence assume K v = R, then by definition H\K V , G) = 
H l (Z2,G c ) where C denotes the field of complex numbers. Let (a s ) e 
H l (Z2,Gc) be given; if Z2 - {e, s] we have 1 = a e = a s i = a s ■ s a s 
i.e. s a s = a~ , by the general theory of algebraic group we can write 
a s = a' s .a" where a' s is semisimple, a" s is unipotent and a' s and a" s com- 
mute; moreover this representation is unique. Since s tts = s a ' s s a '> we 
have a; 1 - s a' s . s a"; but a; 1 = a'~ l .a"' 1 so that a'~ l .a"~ l = s a' s . s a"; 
by uniqueness this implies s a" = a"' 1 i.e. a" defines a 1-cocycle. The 
algebraic subgroup generated by a" is isomorphic to the additive group 
G a ; but since the additive group is cohomologically trivial, the cocycle 
a" splits; hence for the proof of the theorem we can assume without 
loss of generality that a s is semi-simple; but any semi-simple elements 
of G is contained in a maximal torus. So any element in n H l {K v ,G) 

VSoo 

is contained in the image of Yl H l (K v , T v ) for suitably chosen maximal 

veoo 

tori T v of G over K v . Now by an approximation argument, we construct 
a maximal torus T of G over K which is conjugate to T v by an element 
of Gk y - Then H l (K v , T v ) can be replaced by H Y (K V , T) and fheorem[T]b, 
follows from the corollary to fheorem[6]b), § !3.3l and the commutativity 
of the diagram 

H\K,T) ,YIH\K V ,T) 

veoo 



v 



h\k,g) — »- n H l (K v ,G) 



5.4 Proof of theorem lg), for type l A n 

The classical group of this type is G = \u e A Nu - 1 [ where A is a 
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simple algebra with centre K and N stands for the reduced norm. The 
exact sequence of algebraic groups 

1 -> G -> A* ^> G m 
gives rise to a commutative diagram with exact rows: 

A* R * — ^ k* > H\K, G) *■ H\K,A*) = {\] 

n a* n * v * ^ n ^(Xv.g) n h\k v ,a*) = m 

veoo veoo vsoo vsoo 

^(X, A*) - {1} and ff 1 ^, A*) = {1} by §0 ExampleQ] By the usual 
twisting argument injectivity of H 1 (K, G) — > Yl H y {K v , G) is equivalent 

VSOO 

to kernel being trivial for all twisted groups. By diagram chasing we are 
reduced to proving the following. 

Proposition. (Norm theorem for simple algebras). If an element x ofK* 
is the reduced norm of an element in A% v for all places v of K then it is 
the reduced norm of an element in A. 

We shall give Eichler's proof [E\] with slight modifications. First 
we shall introduce some terminology; the principal polynomial of an 
elements a in a central simple algebra A is by definition the character- 
istic polynomial of a ® 1 in an isomorphism A ®/f L = M n (L) where 
L is a splitting field of A. This polynomial has coefficients in K and is 
independent of the splitting of the splitting field L and the chosen iso- 88 
morphism A ®k L = M n (L). An element a € A is said to be a regular 
element if its principle polynomial is separable. 

The proof of the proposition depends on the following lemmas: 

Lemma a. Let K be an infinite field and A a simple algebra with centre 
K. If ' x € K is the reduced norm of an element z € A then one can find a 
regular element z € A whose reduced norm is x. 

Proof. Since A^ is a matrix algebra over K we can find a regular di- 
agonal matrix y with determinant x. N(zy~ l ) = 1, which implies y = 
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z[a\,bi] ■ ■ ■ [a r ,b r ] where [ai.fei], . . . , [a r ,b r ] are certain commutators 
in Ajf ; let e\, . . . ,em be a basis of A/K where M = [A : K] = n . Let 
or®, . . ., a®,p^ , . . . ,p^, i, j taking the values 1,2, ... ,r independently 

be a set of independent variables. Write x* = 2 arj jj = 2 p? e t . 

t=\ f=i 

Consider the generic element z[xi,y{\M[x r ,y r ] of A^. The discrimi- 
nant of its characteristic polynomial is not identically zero since for the 
choice xi = a,-, yj = bj the above generic element specializes to the reg- 
ular element y. This discriminant can be written as P/Q where P and 
Q are polynomials in the variables or®, p~* and by what we said above 
P, Q are not identically zero. Since K is infinite we can specialize a] , 
to elements of K for which P + and Q # 0; if x; specializes to 

and yj to y'. under this specialisation of or® , then z[x'j , y^] • • • [x' r , y' r ] 
is a regular element of A with reduced norm equal to that of z, i.e. its 
reduced norm is x. This proves the lemma. □ 

Lemma b. Let A/K be a simple algebra of degree n 2 over its centre K, K 
being any field; then A contains an element with principal polynomial 
equal to a given separable polynomial f(X) of degree n if and only if for 
every irreducible factor g(X) of f(X) the algebra A®k K[X]/g(X) splits. 

If / is irreducible, this is standard. The proof for the general case is 
similar to the usual one (cf.[Ki]). 

Lemma c. Let K be a number field and f(X) e K[X] a separable poly- 
nomial; let A be a simple algebra with centre K; then A contains an 
element with principal polynomial f(X) if and only if AK V contains an 
element with principal polynomial equal to f(X)for every place v ofK. 

Proof. We shall make use of lemma|b]); let g(X) be an irreducible factor 
of f(X) and suppose L - K[X]/g(X); let g(X) = gl (X)g 2 (X) ■ ■ ■ g r (X) be 
the decomposition of g into irreducible factors over K v ; then we have 

(A ® K L) ® K K v = ©A ® K K v [X]/ gi (X) = (BA Kv ® Kv K v [X]f gi (X) 

By assumption and lemma[b]), Ak v ®k v K v [X]/gi(X) is a matrix algebra 
over K V \X\I gi{X) so that (A ®k L) ®k K v is a direct sum of matrix alge- 
bras. Also L®kK v = ® W / V L W , the direct sum extended over all the exten- 
sions of v to w; hence A® K L® K K V = ® W / V A® K L W = ® W (A® K L)® L L W = 
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® w Al ® L w say where Al - A ®# L. From the splitting criterion for sim- 
ple algebras over number fields it follows that A®k L is a matrix algebra. 90 
Since g(X) is any irreducible factor of f(X) by lemma [b]) it follows that 
A contains an element with principal polynomial equal to f(X). This 



Proof of Proposition 1. By lemma© we can find regular elements z v of 
Ak v such that x = Nz v for every place v of K. Let f v (X) = X n — • • • + 
■ ■ ■ + {-\) n x be the principal polynomial of z v . Let T denote the set of 
places v of K for which Ax v is not a matrix algebra over K v ; then T is a 

finite set. Construct the polynomial f(X) = X" 1 (— l) n jc with the 

constant term x such that its coefficients approximate those of f v (X) for 
v € T. If the approximation is close enough f(X) will be separable and 
K v [X]/f(X) = K v [X]/f v (X) for v e T; this can be proved by Newton's 
method of approximating roots of polynomial; here one has to use the 
fact that the f v {X)'s are separable polynomials; we therefore assume 
K v [X]/f(X) = K v [X]/f v (X) for v e T. Now since f v (X) is the principal 
polynomial of z in Ak v there is an isomorphism of K v [X]/f v (X) into Ak v 
and from K v [X]/f(X) = ^y[X]// v (X) we conclude that there exists an 
isomorphism of K v [X]/f(X) into Ak v for v e T. Hence there exists 
an elements an element in A% v whose principal polynomial is equal to 
f(X); this is true fro every v e T. If v g T then by the definition of 
T, Aje v is a matrix algebra so that there always exists a matrix in A% r with 
characteristic polynomial f(X). Hence the conditions of lemma |c} are 
satisfied and we conclude that f(X) is the principal polynomial of some 91 
element z of A; but then Nz - x so that x is needed the reduced norm 
of the element z of A. This proves the proposition and so theoremQi) is 
proved for groups of type 1 A n . 

5.5 Proof of theorem la for type 2 A„; reductions 
(Landherr's theorem) 



The classical group in this case isG = |;teA/ xx 1 = 1 , Nx = 1 j where A 
is a simple A'-algebra with involution / of the second kind the centre L of 



proves the lemma. 



□ 
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A being a quadratic extension of K. Consider the map n : x — » (jpr , AOc) 
of G into A* x L* , the latter being considered as an algebraic variety 
over K as explained in § [XT] Example 1 y - xx 1 and z = Nx satisfy the 

relations y 1 = y and Ny - zz 1 , define H - j(y, z) e A* x L*^y 7 - y,Ny = 

zz 7 |; this // is not an algebraic group; but it becomes a homogeneous 

space for A* under the operation given by x : (y, z) — > (xyx 7 , ziVjt). The 
sequence 1— >G— >A*— >lis then an exact sequence and we get 
the following commutative diagram: 

A' K H K ^ H [ (K,G) > H l (K,A') = (1) 

i) 

I 

n^„ — ^n^, S -^UH\K V ,G)~ -^IIH\K V ,A*) = {1} 

The mapping 8' s are surjective since by § [L7] Example \T\H l (K, A*) = 
{1} and H l (K v , A*) = {1} for every place v of K. As in the previous para- 
graph we see that the kernel of h is trivial if and only if every element 
b e Hk which is in rj(A* K ) for all v actually is in rj(A* K ). So we have to 
prove the 

92 Proposition 1. Let y € A* K , z e L* K - L* be such that y 1 = y and 
N y = zz 1 ; suppose the equations y = xx 1 , z, = Nx, x e A* are solvable 
locally at all places v of K i.e. with x - x v € A* K ; then they can be 
solved globally in K, i.e. with x € A* K . For the proof of this proposition 
we shall first carry out several reductions. 

Reduction 1. Write z = Nx v , x v e A* K ; i) if v extends uniquely to a 
place w of L then Ag r = A ®k K v = B where B is a simple algebra 
over L w ; this is because A ®^ K v is a direct sum of simple algebras and 
since its center L ®k K v is a field, there is only one simple component; 
moreover, we have Ak v = A <£>l L w . ii) On the other hand if v extends 
to two different places w\,W2 of L then Ar v = A\ © A2 where A\ and 
A2 are simple algebras over L Wl and L W2 respectively; this is because in 
this case L ®k K v = L Wl © L W2 and since Ak v = A ®l (L ®jf A" v ) we have 
A Kv = Ai © A 2 where Ai = A ® L L Wl and A 2 = A ® L L W] . In the first 
case z is the reduce norm of an element of A ®t L w . while in the second 
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case z is a reduced norm from both A\ and A%. Hence z is local norm 
of the algebra A/L at all places of L; by the norm theorem for simple 
algebras (§ 15.41 ) we conclude that z - Nt where t e A* K . Replace (y,z) 
by (t yt \zNt~ 1 ). The components t~ l yt~ I and zNt' 1 satisfy the same 
condition as (y,z); if the proposition is true for the pair (t~ l yr' ,zNr l ) 
then it is true also for the pair (y,z); now zNt~ l = 1 by the choice of f; 
hence we are reduce to proving the proposition in the case when z = 1 ■ 

Reduction 2. To carry out this reduction we need the following. 

Lemma 1. Ify € A* K is such that y 1 = y, Ny = 1 and if the equation y = 93 
xx 1 , x e A* is solvable locally at all places then it is solvable globally. 
To start with assume this lemma. The element y of proposition [7J after 
reduction 1 ) satisfies all the conditions of lemma [7J Let x € A be a 
solution ofy = xx 1 assured by lemma\7\ Replace (y,z) in the proposition 
by (x~ l yx~ l ,zNx~ l ). This shows that for the proof of the Proposition^ 
we can assume without loss of generality that y — 1; but we can no 
longer assume z = 1. 

We shall now prove lemmaQ] Let us start by explaining our notation 
to be used in this paragraph. The dimension [A : L] is denoted by the 
integer n 2 . If v is any place of K then two cases occurs i) Lk v = L W[ ©L v „ 2 
if v extends to two different places w\ and W2 in L. ii) Lk v is a field if 
v extends uniquely to a place w of L; in this case Lk v = L w . In case i) 
Ak v = Ai © A2 where A\ = A ®l L W] and A2 = A ®£ L W2 ; the action 
of / is to interchange the component. In case ii) Ak v = A ®l L w is 
simple algebra with center L w . If u is an element of Ag v we denote 
its components in case i) by and u^; in case ii) u considered as 
an element of A ® L w is denoted by the two uses of the symbol u^ 

corresponding to the different cases will be evident from the context and 
will not lead to any confusion. In case i) ,/V stands for the reduced norm 
of A Kv , i.e if u = (u {1 \u (2) ) € A Ky then Nu = {Nyu (l) ,N 2 u (2) ) where 
iVi, A^2 are the reduced norm mapping of the simple algebras A\ and A2 
respectively; in case ii) ,/V shall denote the reduced norm of the simple 94 
algebra A®^L M ,. By an order in a simple algebra A/K we mean a subring 
of A which is finitely generated as a module over the ring of integers of K 
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and such that it generates A as a ^-vector space. The algebra Ak v being 
finite dimensional over the complete field K v it is a normed algebra and 
that all its norm inducing v-topology on K v are equivalent; when we talk 
of approximation of elements in Ak v we mean this in the sense of the 
norm topology on Ax v . If & is an order in A its completion at the place 
v is denote by 6' v . We shall state without proof two sublemmas which 
we shall use; the first one is a special case of a more general theorem of 
Hasee: 

Sublemma a. {Norm theorem for quadratic extensions). If L/K is a 
quadratic extension of the number field K then an element of K is a 
norm from LtoK if and only if it is locally a norm at all places ofK. 

Sublemma b. ( Strong approximation theorem for simple algebras, cf 
Hll\l , H15\l ). Let G be the norm one group of the simple algebra A with 
center K, a number field, and & an order in A; let S 2 oo be a finite 
set of places of K. Suppose given a place v e S such that A Vo is not a 
division algebra, and element a v € Gk v ; then there exists x e Gk such 
that x = a v in the v-topology for v € S, v ± v a and x € G v for v £ S. 

Proof of Lemma 1. The idea of the proof can be explained thus: Re- 
place y by the element tjt 1 where t e A* K and Nt = 1; choose t in such 
95 a way that K(tyt ! ) becomes a separable algebra of maximal degree; and 
then seek a solution of tyt 1 = xx 1 with x e L(tyt'). If the latter is possible 
then clearly the lemma will be proved. The actual construction of t will 
be the last step of the proof. In two preliminary steps we shall assume 
that K(tyt') is a separable algebra of maximal degree, and investigate 
conditions for solvability of tyt 1 = xx 1 . In step 1) we show, by means of 
the quadratic norm theorem, that solvability is assured, once we know 
the solvability with x € L(tyt') ® K v for every place v of K. step 2) is 
preparatory to step 3) in which we derive several sufficient conditions 
for the local solvability at v. In the final step 4) we construct t by means 
of the approximation theorem in such a way that for every place v at 
least one of these conditions is satisfied. Clearly the proof of the lemma 
will then be complete. 

As outlined above we shall assume that K(tyt ! ) is a separable algebra 
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of maximal degree. Since / is identity on K(tyt ) and not the identity on 
L(tyt ! ), the latter is the direct sum of the spaces of symmetric elements 
and antisymmetric elements; if L = K( Vd) then K(tyt ! ) is the space 
of symmetric elements while ^/dKityt 1 ) is the space of antisymmetric 
elements; hence 

L(tyt') s K(tyt') © ^K(tyt') = {K® ^IdK) ® K(tyt') = L ® ^(fyf 7 ). 

Since K(tyt') is a commutative separable algebra it is the direct sum of 
separable extension fields Ki{i - \,2, . . .r) oi K. \fK\ is one such com- 
ponent then L ®# K\ being an algebra of degree two over K\ must be 
either a quadratic extension of K\ or a direct sum of two algebras iso- 
morphic to K\\ in the former case / is the nontrivial ^1 -automorphic 96 
of L ® K\ while in the latter case / interchanges the components of 
any element of K\ © K\ . Accordingly let K\,..., K s be those field 
among K{i = 1,2, ... r) for which L ®k Kj is a quadratic extension 
of Kj{j - 1,2,..., s). Then we have L(tyt') = (L® Ki © • • • ©L® K s ) © 
®K s+ i)®---®(K r ®K r ). Let x = (x u . . . ,x s ,x s+ i,x' s+v . . .,x r ,x' r ) 
be any element of L{tyt ! ); x 1 - (x[, . . . , x l s , x', +1 , x s+ i, ...,x' r , x r ) so that 
we have xx 1 = (Nx\, . . . ,Nx s , x iS+ ix' s+1 , x', +1 x', +1 , . . . , x r x' r , x r x\). We 
want to solve tyt 1 = xx 1 with x e L^tyt 1 ); for this assume tyt 1 = 
{a\,a.2, . . . ,a s ,a s+ \,a l s+v . . . ,a r ,a' r ); since tyt 1 is symmetric we have 
a'j - aj(j - 1, 2, . . . s) and a' t = ai(l - s + 1, . . . , r). From what precedes 
we are reduced to solving the following system of equations; 
a) Nxj - a.j, j - 1 , 2, ... s where a; e Kj and denoted the norm map 
of the extension fields L ® Kj/Kj. 
fi) xix^ - ai, I - s + 1, . . .rai e Ki 

of these /?) is trivial. For solving a) by Sublemma a it is enough to know 
the local solvability of the equations a at all places of Kj. Now if v is 
any place of K then 

(L ® Kf) ®K V = © (L ® Kj) w where w runs through all extensions of v 

w/v 

to the field L ® Kj(j = 1, 2, ... s). This implies L(tyt') ® K v © ® (L ® 

i=l w/v 

r , , 

Ki) w © L®Kj®K v . This shows that if the equation tyt = xx is solvable 
with x e L(tyt ! ) ® for all places v of K then system of equation a) 97 
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will be solvable locally at all places of Kj. As observed before this will 
imply the global solvability of equations a). This proves step 1). 

Proof of Step 2. Let u v e A* K be a solution of u v u\ - y. We claim that 
u v can be so chosen that Nu v = 1. To see this replace u v by u v .v v ; the 
condition y = (u v v v )(u v v v )' then means v v v' v = 1 and N(u v v v ) = 1 means 
Nv v = Nu~ l - c say. From Ny = 1 we get c v c' = 1. Hence our claim 
will be achieved if the following problems is solved: given c v e L® K v 
such that c v c' v = 1 and that c v is norm of A ® K v to find r v e ®^T V 
satisfying the conditions Nr v = c v . This we shall do now. In case i), 
this is immediate. In case ii) Ak v = A ®l L w is an algebra over L w with 
an involution of the second kind. If v is non-archimedean Ak v must be 
a matrix algebra; the same holds for archimedean v, since then L w = C; 
moreover if x is a matrix of this algebra say x = then x 1 = ax*a~ l 
where x* - (x^) and a is a hermitian matrix. The condition r v rj = 1 
means that r v is a unitary matrix corresponding to a. Hence we have 
to find a unitary matrix of a with given determinant c v ; by choosing 

'd\ 

98 an orthogonal basis one can assume that a is diagonal 

since c v c\ - Nl w/Kv c v = 1 we can find elements d\, . . . , d n of L* w such 
that NL„ jKv di - did' = 1 and that d\---d n - c v (for we can arbitrarily 
choose d\,d2, d n -\ to satisfy N^^ idi) - 1 and then d n by the condition 

(d x 1 



d\---d n - c v ). The matrix 
finishes step 2). 



dn) 



can then be taken for u v . This 



Step 3. We shall describe three situations in which tyt 1 = xx l is solvable 
with x e L(tyt ! ) ® K v . Situation a) t = u~ l in Ak v in the sense of the 
norm topology on Ak v . Suppose & is any order in Ak\ we can assume 
G 1 = 6 since otherwise we can replace & by the order & n & 1 which 
will satisfy this condition. Situation b) v non archimedean unramified in 
L/K and tyt 1 e G v . Situation c) v decomposes into two places in L. In 
situation a) tyt 1 = u~ l yu~ l '. - 1 so that by the binomial theorem tyt 1 is 
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the square of an element of K(tyt ) ® K v ; hence we can write tyt - x v x v 
with x v e K(tyt ! ) ® Zy; this is what we wanted. In situation b) since 
tyt 1 € G v n K(tyt'), the components of fy? 7 in ^(fy? 7 ) ® are integers; 99 
these components are moreover units as follows from Ntyt 1 - 1 . Since 
L/K is unramified at v the components L®Ki{i - 1, 2, ... s) of L(tyt') are 
also unramified at v. Since in an unramified local extension any unit is a 
local norm we conclude tyt 1 can be written as x v x' v with x v € L(tyt ! )®K v . 
In situation c), the place v of K decomposes into two distinct places in 
each of the components L®Ki{i - 1, 2, . . . , s) of Lityt 1 ). This shows that 
the local degree corresponding to v of the extension field L ® Ki/Kj are 
all unity and so we can find in this case too elements x v e Lityt 1 ) ® K v 
with property tyt 1 - x v x\. This completes the proof of step 3. 



Proof of Step 4. Let S be a finite set of places of K containing all v 
which are either archimedean or non-archimedean ramified in L, or non- 
archimedean and y $ G v , and two further places v , v\ for which Ak v is 
the direct sum of two matrix algebras over K v . We claim that t V[ e 
Ak V[ can be so chosen that K Vl (t Vl yt I Vl )/K Vl is a separable algebra of 
maximal degree and such that NT Vl = 1. By the choice of v\ if v\ 
splits into the places w\, W2 in L/K we have Ak v = M n (L Wl ) © M^L^). 
Lety = (yuy 2 ) and set t Vl = (t Wl ,l); then t Vl yt' Vl = (t Wl yi,y2t r Wl )- We 
have to choose t m such that Nt Wl y\ - 1 and such that the characteristic 
polynomial of t Wl y\ is separable. With this choice of t Wl , the resulting 
t n will satisfying our requirements. To construct t m we have only to 
find element d\,...,d n in L Vl which are different and such that their 100 
product is equal to 1; this is clearly possible; we can then take t Wl = 
<d x 



1 



We have therefore constructed t Vl e Ak V{ such that 



dfi/ 

Nt Vl - 1 and such that K Vl (t Vl yt ! Vl )/K is a separable algebra of maximal 
degree. To complete step 4 we find t e A* K such that i) Nt = 12) t ~ u~ l 
in the v-topology for v e S , v ± vo, vi and t - ty { in the vi -topology. 3) 
t e G v for all v £ S . Then the principal polynomial of tyt 1 is separable 
so K(tyt ! ) is a separable algebra of maximal degree. For this choice of t 
any place v will satisfy one of the conditions a), b) or c) stated in step 3 
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and we shall be through. The existence of t follows from sublemma|EJ)) 
applied to the simple algebra A with centre L; namely an approximation 
condition in the v-topology is equivalent to similar conditions in the w- 
topologies for the extensions w\ of v of L, and t e G v is equivalent to 
t e ff w for the same w's. 

Corollary . Finitely many local solutions of y — xx 1 can be approx- 
imated by a global solution, i.e. if T is a finite set of places and if 
y = x v x\ with x v e Ag v , v € T then there is an x e A% with xx 1 = y and 
x « x v in the v-topology. 

Proof. Let u e A satisfy y = uu 1 ; the existence of this u is guaranteed 
by lemmaQ] Write x v = us v ; from uu 1 = x v x\ we get s v s\ = 1. If we can 
find s e A* K such that ss 1 = 1 and s ~ s v for v € T then writing x - us 
we see that x ~ us v and that y = xx 1 so that the corollary will be proved; 
hence we have only to find such an s. For this we make use of the Cayley 
transform: in the representation Ak v £ Mp{D\) © M q (D2) or Ak v s 
Mp(D) suppose to start with that the eigenvalues of the components of 
s v are all different from -1; then (1 + s v ) exists. The relation s v s{, = 1 
then shows that (1 - 5 V )(1 + s v )~ l is skew symmetric; call this p v ; then 
p\ = ~p v ; we can now approximate the skew symmetric elements p v 
by a skew symmetric element p of A since we have only to approximate 
the entries. Going back by the inverse transformation we can define 

s = — ; then ss 1 - 1 and s « s v for v £ T. If the eigen values of the 

\+p 

components of s v are not all different from - 1 then we can write s v as a 
product of two elements for which the eigenvalues are all different from 
- 1 and we can proceed as before, This proves the corollary. □ 

The lemma just proved is the essential step in providing the follow- 
ing more general theorem due to Landherr [L] ; a proof of this along the 
same lines as the one given here has been found independently by T. 
Springer. 

Landherr 's theorem (Form I): Let y e A* K be an element such that 
y 1 = y. Suppose the equation y = xx 1 is solvable with x e Ak v for 
every infinite place v; assume moreover that for every non archimedean 
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place v there exists z v 6 Lk v satisfying the equation Ny = z v z{,. Then the 
equation y = xx 1 is solvable with x e A* K . 

Proof of Landherr's theorem. Let v be archimedean and let x v e A% v is 
such that y = x v x\ holds. Taking norms on both sides we get Ny - u v u\ 
with u v € Lk v . If v is non archimedean we are given that Ny - z v z{,. 102 
These two equations clearly show that Ny is a local norm in the exten- 
sion L/K at all places v of K. Hence by the quadratic norm theorem 
(stated in sublemma [aD we can find z e L such that Ny = zz 1 ■ Now 
suppose v is an infinite place. Write Nx v - z..u v where u v € Lk v . The 
condition Ny = zz 1 then implies u v u\ = 1. Now apply the corollary to 
lemma \T\ for the set of infinite places and the local solutions u v of the 
equation uu 1 - 1. Hence if u « u v , u e Lk then z.u « Afx v which im- 
plies that z.u/Nx v is an n th power; this is easily proved by the binomial 
theorem. Hence z.u/Nx v is a reduced norm from Ag v , i.e. z.u is a re- 
duced norm from Ak v ■ This is true for every archimedean place. At a 
non archimedean place v,z.u is again a local reduced norm as we have 
seen in § I4.3L lemma [TJ Hence by the norm theorem for simple algebras 
we can find t € A such that z.u = Nt. We shall prove that the conditions 
of lemma [T] are satisfied for t~ l yt _1 in place of y. Clearly t~ l yt' is sym- 
metric. Ny = (zu).(zu) 1 implies N(t~ l yt~ I ) = 1. We have to prove that 
t~ l yt~ I is of the form y v y ! v for every place v of K, with y v e Ak v . If v is in- 
finite then r 1 yt~ I = t XvX^t = (t x v )(t x v Y and this case is settled. 
Let v be non-archimedean. We shall use the notations of the beginning 
of the paragraph § 15.51 Since by § 14.11 theorem Q] the one dimensional 
Galois cohomology H l (K v ,G) is trivial the mapping Ag v — > Hg v is 
surjective.The element (t~ l yt~ 1 , 1) is clearly an element of Hk v ; hence 
there exists y v € A* K such that r l yr' = y v y' v . This proves that the con- 
dition of lemma Q] are satisfied for this t~ 1 yt~ I . Hence by that lemma 103 
there exists x € Ak satisfying t~ l yt~ I - xx 1 ; this implies y = (tx)(tx)' 
and so Landherr's theorem is proved. There is a second formulation of 
Landherr's theorem which runs as follows: 

Landherr's theorem (2nd formulation). If y € A* K is /-symmetric and 
if y = xx 1 is solvable with x e Ak v for every place v of K then it is 
solvable with x e Ak- 
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Proof. Let y - x v x v ; then taking norms we have Ny = z v z v where z v = 
Nx v € Lk v . Hence the assumption of the first formulation are satisfied 
and so y = xx 1 can be solved with x e Ak- □ 

5.6 Proof of Proposition CD when n is odd 

The proof of lemma [T] concludes the second reduction of proposition [Q 
accordingly for providing proposition Q] we can assume y = 1. The 
proposition then takes the form 

Proposition a. Let z £ L* K be such that zz 1 = 1; if the equations z - Nx 
and xx 1 = 1 are solvable simultaneously with x € Ak v for all places v of 
K then they can be solved simultaneously with x e Ak- This is proved 
by means of mathematical induction on n and the inductive proof makes 
use of another 

Proposition b. Let z € L* K be I-symmetric; if the equations x 1 — x and 
Z. = Nx are solvable simultaneously with x € Ak v for all places v of K 
then they can be solved simultaneously with x e Ak- 

We shall prove these propositions now. We first consider the case 
when n is odd. The idea of the proof may be explained as follows: 

104 1 ) Construct a commutative separable L-algebra B of degree n and 
an involution J on B which coincides with I on L such that B = 
L(x) and z = Nf(x), xx J = 1 (or x J = x in the case (b) ). Here N^ 
denotes the usual algebra norm got by the regular representation. 

Involutions which coincide with I onL will be called I- involutions 
in future. 

2 ) Imbed B in A, the imbedding being identity on L. 

3) Change the imbedding given in 2) by an inner automorphism of A 
so as to get an imbedding of algebras with involution. If we grant 
I), 2) and 3) then the proofs of propositions^ and^ are simple. 
For since B is a separable algebra of dimension n, N^(x) is just 
the reduced norm of x and by construction z = Nx, xx 1 = 1 (or 
x 1 = x). 
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Step 1 (Construction of B). Here again for any place v we consider the 
two cases i) and ii) mentioned in § 15.51 namely Lk v s L m © L W2 or 
Lk v s L w ; corresponding to these two cases we have either A^ ~ Ai©A2 
whereAi - A<E>z.L Wl , A2 = A<8>lL W2 or Ak v s A®lL w . We claim that the 
local solutions x v of the equations z = A^x xx 7 = 1 (resp. x 7 = x, z = Nx) 
can be assumed to be regular. This is done as follows: 

Case i. (Corresponding to proposition [a)). Let z = {z\,Zi)> x v = (Xy, 
Xy ) then clearly z.\ = Nx^\ zi = Nx v ; as in the proof of Eichler's 
norm theorem x v can be replaced by a regular element also denoted by 105 
x[P of norm z\- The condition x v x' v = 1 give x v - 1; so if x^ is 
determined by this condition both x v ond x^ will be regular. Hence x v 
can be assumed regular. 

Case i. (corresponding to proposition 10). z 1 - z. implies z\ - Zi and 
z = Nx implies z\ = Nx], ; by the same argument as above x[P can 
be assumed to be regular; since x\ — x v implies x[P - x v 2 \x v 2 ^ is also 
regular; hence x v can be assumed regular. 

Case ii. (corresponding to proposition©. Here Ak v s M n (L w ), a matrix 
algebra over L w ; if x = (x,,) € M n (L w ) and if x* = (x 1 ..) then there is a 
hermitian matrix a, i.e. a matrix such that a* = a for which x 1 — ax*a~ i 
holds; xx 1 = 1 implies that x is unitary with respect to a. This case 
occurred in the course of the proof of lemma\7]in § 15.51 As explained in 
that place we can find a regular unitary matrix x v with norm equal to z. 

Case ii. (corresponding to proposition 10). In the notations above a can 
be assumed to be diagonal by a choice of orthogonal basis. It is then 
easy to find a regular diagonal matrix x v with entries in K and of deter- 
minant z; x v will then be I-symmetric and z = Nx v . Hence the claim is 
proved and the local solutions x v can be assumed to be all regular. 

Remark . It is to be noted that the only essential local condition on z 
occurs when Lk v s L WI © L W2 , v real infinite and Ag v is a direct sum of 
matrix rings over quaternion algebras; at all other places the equations 
in question are automatically solvable. 

Let the principal polynomial f v (X) of x v over Lk v be given by 106 
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f v {X) = X"-flj X" _1 H h, where we write the coefficients a x , a 2 , . . ., 

alternatively with positive and negative signs. Applying / to f v we will 
get the principal polynomial of x' v ; in the case of Propositions]) %l - x~ 1 ; 

the principal polynomial of x~ l is equal to X n - a n -\/ z X"~ l + ■■ ■ ; 

z 

this must be the same as f v so that we get a v _. = z(a- ) 7 . In the case of 
Proposition ©since x[, = x v we have fl = f v so that (a, / = a^ v \ Let S 
be the set of places v which are either archimedean or such that Ag v is not 
isomorphic to a direct sum of matrix algebras or itself a matrix algebra. 
The set S is finite. Approximate the a. for veS by a ( eL with a„_,- = za' 
in the case of Proposition [aj) and a\ = ai in the case of Proposition 10); 
since the equations for the a, are linear, this is possible by ordinary ap- 
proximation theorem; define f(X) by f(X) = X n - aiX n ~ l + • • • + {-\f z . 
Finally define B = L[X]/(f(X)). Since the f v (X) are separable (be- 
cause x v are regular) by taking close approximations we can assume 
f(X) to be separable. Hence B is a separable algebra of degree n; 
again depending on the closeness of the approximation we can assume 
L[XV(f(X)® Kv = L v [X]/(f(X)) to be isomorphic to L Kv [X]/(f v (.X)) for 
v € S; this can be done as observed in the proof of norm theorem 
for simple algebras by using Newton's method of approximating roots 
of polynomials. We then define an involution / on B by the require- 
ment (X mod f{X))' = X~ l mod f(X) (and resp {X mod f(X))' = X 
107 mod f{X)) and J restricted to L is /. Then J is an /-involution of B. By 
construction if x denotes the residue class of X mod f{X) then B = L(x) 
and z = Nf{x), xx J - 1 (resp. x J = x). This completes the proof of step 
1). 

Step 2. For v € S let B v denote the algebra L Kr [X]/(f v (X)) = L Kv (x v ); 
we saw in step 1, that there is an isomorphism of algebras Bk v = B v ; 
we claim that by taking approximations of step 1 close enough we get 
an isomorphism (Bk v ,J) = (B V ,I). This is seen as follows. Let x be 
the image of x v under the isomorphism 9 . To get an isomorphism 
af algebras with involution we require 6{x J ) = x~ l . Now since B v is 
separable it has only finitely many automorphisms; hence the composite 
of two involution being an automorphism we conclude that B v has only 
finitely many involution. Since x v — > B{x J ) is an involution of B v the set 
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of image 9{x J ) corresponding to the various isomorphisms 9Bk v = B v is 
finite; clearly x - x which implies that x J « x , i.e. x. J « x -1 ; hence 
approximates x~ l . But since the number of 9{x J ) that can occur 
is finite we see that for a sufficiently good approximation 6(x J ) = x" 1 
so that we have actually an isomorphism {Bk v ,j) = (B V ,I) for v e 5. 
This shows that (B, J) can be imbedded in (A, /) locally at all places 
v € S . If v £ 5 , Ajf v splits and B^, can be imbedded in A^ v by regular 
representation. But this need not respect the involutions J and /. In any 
case we find that B is embeddable in A locally at all places of K. Hence 
B can imbedded in A; since the local imbeddings are identity on L, B 
can be imbedded in A such a way that this imbedding is identity on L. 108 
This finishes the proof of step 2. corresponding to proposition [a)). The 
same can be done corresponding to proposition [b]) too. 

Proof of Step 3. By step 2 we can assume Be A; the involution / on 
the maximal commutative semisimple subalgebra B can be extended to 
A by § 12.51 theorem 1 . We denote the extension by the same symbol 
/. By Skolem- Noether's theorem there exists teA* K , t 1 - t such that 
x J = tx't~ l for all xeB. We shall choose seA* K such that x — > s~ x xs 
gives an imbedding of (B, J) in (A, /). In order this is true it is necessary 
and sufficient that we have s~ l x J s = (s~ l xsY for xeB. Now x 1 = t~ l x J t 
so that x J = ss'x's'^' 1 = (ss I t~ 1 )x J (ss I t~ 1 )~ i . 

This means we should that ss't~ l eB l , the commutant of B which is 
B itself since B is maximal commutative. Hence we require ss 1 = bt 
with beB, seA* R . We shall first find b and then s. We showed above that 
(B, J) can be imbedded in (A, I) locally at all places veS , in particular 
at the infinite places. Hence the equation ss 1 = bt is satisfied for some 
s v eA* K , b v eBx r for every infinite place v. Approximate the finitely many 
/-symmetric elements b v t by an I-symmetric element bj in Bt. Then 
ss 1 = b t is solvable with seA* K for all infinite places v. By taking norms 
c = N(bot)eK is a norm from L<8>K V /K V , and therefore ss 1 = c~ l bot = bt 
is solvable with s e A* K . On the other hand N(bt) = N{c~ { bvi) = 
c \-n _ c (i-rc)/2^ c (i-n)/2^ § Q Langherr's theorem ss 1 = bt is solvable 
globally. Hence the mapping x — > s xs gives an imbedding of (B, J) in 109 
(A, /). The same can be done for proposition|b]) Hence step 3 is complete 
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and so proposition [a] and [b] are proved when n is odd. 

5.7 Proof of Propositions [aj),|b]) when n is even 

The idea is the following 

I) Construct an /-invariant quadratic extension N of L, N (Z A and 
a primitive element y of N/L i.e. an element for which N = L(y) 
such that 1) N^y = z, yy l = 1 (resp y 1 = y), 2) the equations 
y = Nx, xx 1 = 1 (resp. x 1 = x) are solvable locally in N' , the 
commutant of AMn A; here N denotes the reduced norm mapping 
of the simple algebra N' with centre N. Observe that if M denotes 
the field M = {a e N/a 1 = a} then M is quadratic over K and that 
N is the composite of M and L; the latter shows that the commu- 
tant of N is the intersection of those of M and L i.e. N' - M', M' 
being the commutant of M in A. The proof of the proposition will 
be by induction on the power of 2 contained in n as factor. This 
is justified as we have proved the propositions for odd n; since 

, [N' : L] [A : L] n , 

\N l : N] = = - (-Y and the hypothesis of the 

2 2(N : L) 2 

propositions are satisfied for N' and y in the place A and z respec- 
tively induction applies; by induction we can therefore assume the 
truth of the proposition for N' ; hence the equations in 2) are solv- 
able globally; let x be a global solution; then since reduced norm 
of x in A is equal to N^y = z we find that this x gives a global 
solution of the equations Ax = z (N denotes reduced norm in A), 
xx 1 = 1 (resp. x 1 = x); we have remarked in § 15.61 that for local 
solvability of our problem the only conditions come from those 
real infinite places for which the algebra is isomorphic to a direct 
sum of two matrix rings over the quaternions. We shall take care 
of the local conditions 2) by constructing Af in such a way that this 
critical case does not occur for any place w of M. Let w be an 
extension of the place v of K. If K v = C, or N ® K v = C, then w is 
certainly not critical. If A ® K v is isomorphic to the direct sum of 
two matrix rings over K v then N'®mM w is isomorphic to the direct 
sum of two matrix rings over M w . If finally A ® K v is isomorphic 
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to a direct sum of two matrix rings over the quaternions, then we 
shall construct N such that N w = C, and so w is not critical either. 

II) We shall construct N abstractly to start with; we then construct a 
commutative separable L-algebra B of maximal degree with an I- 
involution J such that i) (N, I) is imbeddable in (B, J) so that N can 
be identified with a subfield of B and then J/N = I IN ii) B = N(x) 
for a suitable x. 

Ill) Imbed B in A; extend 7 to A by the theorem on extension of invo- 
lutions, and then change the imbedding by an inner automorphism 
to get an imbedding of algebras with involution. The construc- 
tions outlined in I, II and III will be achieved once we prove the 
following lemmas. 

Lemma 1. There exists a finite set S of places ofK including the archi- 111 
medean places such that for v £ S and any commutative separable 
Lf[ v -algebra with I -involution J say B v of dimension n there exists an 
imbedding of(B v , J) into (Ak v ,I). 

Lemma 2. For every v e S there exists y v , x v in Ak v such that 

i) N v = Lic v (y v ), B v = N v (x v ) are commutative separable algebras 

ii) N v = Lk v [Y]/ 'y 2 -a v y+z un der the mapping which takes the residue 
class of Y onto y v . 

Hi) such thaty v yy = 1 (Resp y ! y = y v ) and 

iv) B v = N V [X]/ n under the mapping taking the residue class of 
(jc2+...) 

n 

X on to x v , the coefficients of X2 + • ■ • being in Lk v . If Ak v is a 
direct sum of matrix rings over quaternion algebras then y v can be 
so chosen that the field M v of I-invariance N v is isomorphic to C. 

Lemma 3. After possibly replacing z by zNu" 1 with u € Ak, uu 1 = 
1 (resp. by zNuNu 1 with u € A* K ) there exists a place w <$. S with 
Lk w afield and a quadratic field extension N w with an I -involution Jn w 
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such that N w - LK w (y w ) with y w satisfying the conditions Nl k (y w ) - z, 
y w yl = 1 (respy J w =y w ). 

Lemma 4. Let K be a number field, L, M two different quadratic ex- 
tensions of it; let N be the composite of L and M. Suppose there exists 
a place w of K such that Nk w is a field; then for a given c € K*, if 
the equation (Ni K l) = (N^m)c is solvable locally then it is solvable 

112 globally. Finitely many local solutions can be approximated. We shall 
assume these lemmas and show how N, B and J can be constructed; first 
we make the replacement necessitated by lemma\3\ This does not affect 
local and global solvability. Now let Y 2 -A w Y+z be the minimal polyno- 
mial ofy w in N w /L w ; where N w is constructed as in lemma\3\ Let A e L 
approximate the A' v sfor v e S and A w . Define N = L[Y]/Y 2 — AY + z; 
since Y 2 —A w Y+z is irreducible so is Y 2 —AY+z irreducible over L; hence 
N is a filed; let y be the residue class of Y modulo (Y 2 — AY + z); then 
N - L(y). As in the proof of step 2 of Proposition^ and® of§ \5.6\ ifthe 
approximation is good enough then the stipulation J/L = I/L, y J = y~ l 

(reap. y J = y) will define an I -involution J on N; similarly approximat- 

n 

ing the coefficients of the polynomial X2 + h given for B r , v € 5 in 

lemma\2\\we get a polynomial with coefficients in N and a maximal com- 

n 

mutative separable algebra B = N[X]/X2 H with an involution also 

denoted by J extending the involution J on N; if our approximations are 
good enough we have as in the proof of step of 1 of Propositions^ and 
of§ \5.6\ that Bk v = B v for v e 5 so that Bk v is imbeddable in A^ v for 
v e 5 ; by lemma [7] this is true even ifv g S ; hence B is locally imbed- 
dable in A at places v ofK. Hence B is imbeddable in A globally. Since 
N is imbeddable in B this simultaneously gives an imbedding ofN in A 
so that we can assume hereafter that L c N c B c A. Next we extend 
the involution J on B to A by the theorem on extensions of involutions; 
we denote the extension also by the same letter J. By Skolem Noether's 
theorem we can find t e A, t = t such that x J = fx 7 ? -1 holds for every 
x e A. We want to choose an s e A* such that x — > s~ l xs given an 

113 imbedding of(N, J) into (A, /); this replaces N by s~ l Ns; the necessary 
and sufficient condition for this is that the following equations hold as 
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in the proof of the case of odd n : ss 1 = ut, u € N' and u = u. We claim 

that these equations are solvable locally with s e Ag v , u e for all v; 

this is seen as follows: ifv e S we know that Nk v — Lk v [Y]/(Y —A v Y+z) 

in the notations of lemma |2] and this will moreover be an isomorphism 

of algebras with involution if the approximations are close enough as 

we saw in the case of odd dimension. By lemma\2\then (Nk v ,j) is imbed- 

dable in (Ak v , T) for v € S . Ifv£S lemma [7] asserts that the algebra 

(Bk v ,J) can be imbedded in (Ak v ,I); this then gives an imbedding of 

(Nk v ,J) in (Ak v ,I); hence (N,J) is imbeddable locally in (A, I) so that 

the equations ss 1 = ut, u e N' , u J = u are solvable locally everywhere; 

if (s v , u v ) are local solutions at the place v taking reduced norms on 

both sides of the equation s v s\, = u v t we get l v l\ = (N¥m v ). Nt where 

l v = Ns v and m v = Nu v (N denotes the reduced norm of N' over N). 

Since L and M are linearly disjoint over K we have N^m v = N^m v ; 

Moreover l v l{, = N^l v ; hence N^l v = (N^m v )(Nt). This shows that the 

equations N^l = (N^f m){Nt) are solvable locally everywhere; applying 

lemma^we can approximate the local solutions (l v , m v )for v at infinity 

m 

by a global solution say (I, m); write 1 — a v = — ; if the approximations 

m v 

1 

is close enough ( 1 - a v ) n can be developed by a power series and since 

1 

a{, = a v applying J to the terms of this power series we get (1 — a)n 
m 

is J -invariant; hence — is the reduced norm in N' of a J -invariant el- 
_ m v 

ement; since m v = Nu v with u J v = u v we see that the equation m = Nu 114 
is solvable locally at infinity by J -invariant elements; we shall now ap- 
ply Proposition 0); the local conditions for the solvability of m - Nu 
come only from the infinite places and we have shown that the equation 
is solvable locally at infinity. Since the maximum power of 1 dividing 
[N' : Af] is less than the corresponding number for [A : L] we can apply 
the induction hypothesis to N', m € A 77 which is J -symmetric; hence we 
can find u € N' with m = Nu and u J = u. 

Next the equation ss 1 = ut will be solved by using Landherr's theo- 
rem first formulation; we have proved that this is solvable locally at the 
places in S, in particular at infinity; next by construction of m we have 
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N{ut) - Ngl = ll 1 ; moreover (ut) 1 = t'u 1 - t.r 1 .uKt = ut. Hence the 
conditions of Landherr's theorem are satisfied and so we can find s e Ak 
with ss 1 = ut. This solves the problem of imbedding (N, J) globally in 
(A, I). Identifying N with its image we can write N = L(y); by construc- 
tion this ,/V and y have all properties required in 1) of the beginning of 
the proof. As for the requirement 2) the local conditions necessary to 
ensure the local solvability are void in view of lemma|2] 
We shall now go on to the proofs of the lemmas 1-4. 

Proof of Lemma 1. Let G be an order in A which we assume to be 
/-invariant (otherwise take G n G 1 ). If v is some place of K and B a sep- 
arable algebra over Lk v we shall denote the set of integers of B of G(B). 

115 Let S be the set of these places v of K which are either archimedean 
or ramified in L/K or such that G v is not a matrix over G(Lk v ); the 
non-archimedean places which satisfy the property are divisors of the 
discriminant of G and so finite in number; since the places satisfying 
either the first or second property are also finite in S is a finite set. We 
claim this S will have the property stated in the lemma: Let v £ S . 

Case i. Lk v — K, © K v ; in this case Ak v — A\ © A2 where A \,Ai 
are matrix rings over K v and I interchanges the components. Similarly 
B v = B\ © B2 and J interchanges the components; by the regular repre- 
sentation B\ can be imbedded in A\; if f is this imbedding and b e B[ 
then f(b J ) = /(b) 1 extend this to an imbedding of(B v , J) into (Ak v ,I). 

Case ii. Lg v is afield; in this case A% v = M n (Lf[ v ) and if x e A% v is 
considered as a matrix over Lk, then x 1 — ax* a -1 where x* = (x 1 ..) 
and a is a fixed hermitian matrix i.e., a* = a. Since G 1 - G we have 
a G v a~ x = G v ; now a is determined up to a scalar matrix over K v , 
multiplying a by a suitable scalar matrix over K v multiplying a by a 
suitable scalar matrix over K v , since v is unramified in L/K, we can 
assume a to be a primitive matrix; the condition aG v a~ l = G v will then 
imply that a, a~ x € G v . Hence the discriminant of the hermitian form 
corresponding to a, namely delta is a unit in Lk v ; but since a* — a deta 
is invariant under I which implies that deta e K v . Using the fact that 

116 LkJK v is unramified we can write det a = AA 1 with A € Lk v . Now 
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over a p-adic field any hermitian from is determined by its discriminant 
and dimension; choosing a matrix u e M n (Lf[ v ) with determinant A the 
matrix uu 1 is hermitian with discriminant equal to det a; hence we have 
shown that a can he written as uu 1 . 

Write Ak v as End (V), where V is a rc-dimensional vector space over 
Lk v and End (V) means the endomorphism ring. The action of / on 
End (V) can be described as follows; let u,v be two vectors of V; we 
consider them as n-tuples over Lk v ', let (u,v) = uav*; take x € End V 
then we have (ux,v) = (uxav*) = ua(vax*a~ 1 )* = (u,vx ! ). We have to 
construct an embedding of (B v , J) into the endomorphism ring of such 
a vector space with hermitian form. On the space B v we introduce the 
hermitian form defined by (u,v) - Tr^ (uv c) where c is an invertible 

element in B v to be chosen properly to satisfy c J - c and to make the 
discriminant of (u, v) a unit. This is a non-degenerate hermitian form 
since trace map in a separable algebra in non-trivial. Let &(B V )* = {u e 
B v \{u,v) € &{L,K y ) Vv € &(B V )}. The hermitian form is unimodular (i.e., 
discriminant a unit) if and only if £?(B V ) = ff(B v )* (a nonzero regular 
lattice in a quadratic space is unimodular if and only if it is equal to its 
dual). As v runs through elements of 0(B V ), v J c runs through elements 
of t?(B v ).c; hence &{B x )*c is just the dual of G(B V ) with respect to Tr 
and so is equal to ^g 1 /^ , the inverse different of B V .B V is a direct sum 
of local fields and 0(B V ) is the direct sum of rings of integers in these 
fields each of which is a principal ideal ring and so &(B V ) itself is a 117 
principal ideal ring; hence ft]j l / LK can be written as 0(B v )c with c e B v ; 
since j Lk is invariant under J and LkJK v is unramified we can take 
c to satisfy c J = c. The dimensions of the vector spaces B v and V are 
the same and by this choice of c the hermitian form (u, v) and B v and the 
hermitian form coming from the matrix a on V are isomorphic. 

Next imbed B v in End (B v ) by regular representation; we then claim 
that / goes into the involution * with respect to the matrix of (w,v); 
for if x e B v and u, v are vectors of B v then (ux, v) = Tr{uxv J c) = 
Tr(u(x J v) J c) = (u,x J v). This proves lemmaQ] 

Lemma 2. 
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Case i. v non-archimedean and Lk v = K v © £y awJ consequently A% v = 

A\ © A 2 involution I interchanging the components. The problem 

reduces to one concerning A\, i.e., ify v = (y\,y2) we have to construct 

y\ so that K v (y\) will be a separable sub-algebra of A\ and then fix 

y2 by the condition y v y[, = 1 ( resp y[ = I). Let D be the quaternion 

division algebra over K v ; if z - (21,22) then we know that z\ is the 

reduced norm of a regular element of the division algebra D and so 

the principal polynomial of z say Y 2 - A\Y + z\ is irreducible over K v ; 
K [Y] 

let Ni = — - then Ni is a field extension of K v of degree 

(Y 2 -A 1 Y + zi) 

2. Since the degree n of A\ is even by local theory of central simple 
algebras the field N\, can be imbedded in A\; let y\ be the image of 
the residue class ofY; then we can write Ni = K V (Y\); choosing yi to 
satisfy the condition y2 = y\ l (resp y2 = yi) ^vCyi) © K v (j2) will be the 
separable algebra N v sought. 

Case ii. v archimedean and Lk v = K v © K v . If K v = R and z = (zi , Z2) 
with z > 0, essentially the same argument as in case i applies. In partic- 
ular by the local solvability condition, this happens if A% v is the direct 
sum of two matrix rings over the quaternions, and then by construction 
N\ and so the algebra of I -invariant elements in N v is isomorphic to C. 
In all other cases Ak v = A\ © A2 with A\, A2 isomorphic to M n (K v ) the 
n X n matrix ring over K v . In the construction of case i we may then 
use an arbitrary A\, but now Ni is not necessarily a field, but may be 
isomorphic to K v © K v . If so we have to be careful with the embed- 
ding of Ni into A\ and we do it by mapping (u,v) e K v © K v = Ni 

t U -u \ 

into I v e M n (K v ) = A\. For Xi we take any regular diagonal 
matrix. 

Case iii. Lk v is afield; here Ak v = M h (Lk v ) and I has the action x 1 = 
ax*a~ l where a is a fixed hermitian matrix with the usual notations; by 
choosing an orthogonal basis we can assume the hermitian form to be 
diagonal; choose c e Lk v such that cc 1 - 1 (resp c 1 = c) and such that 
c ± z/c; take for y v the matrix 



°0 








7T/E 

lie 
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then y v y\ = 1 ( resp y\ — y v ); the principal polynomial of this ma- 
trix is (Y - c)(Y - z/c) which is separable; consequently the algebra 119 
L Kv [Y] 

is separable and is isomorphic to Lk © Lk ■ We can 

(Y - c)(Y - z/c) 

take this algebra for N v and any regular diagonal matrix for x v . 



Proof of Lemma 3. By algebraic number theory there exists infinitely 
many places for which Lk w is a field. Choose such a w £ S . In the case 
of Proposition a) approximate the local solution x of z = Nx by u € Ak 
with u having the property uu 1 - 1; then z, ~ Nu and so z/Nu can be 
assumed to be a square r 2 say where r e Lk; now zz 1 = 1 and Nuu 1 
so that rr 1 = ± 1 . Since r can be taken to approximate 1 we can have 
rr 1 = 1. Replacing z by z/Nu we have only to prove the lemma for this 
new z. Let M w be a quadratic extension of K w different from Lg w which 
exists for the !P-adic field K w . Then if N w denotes the composite of 
L w and M w , . . . N w is quadratic over L w and we have z = Nf (r); we put 

Ml' 

y WN - rs with s in N w but not in Lk w satisfying the conditions (s) = 1 
and N^"(s) = 1; if H resp. J are the non-trivial automorphisms of 

tt HJ 

N w over L w resp. M w , s = —rr-, with suitable t e N w satisfies these 

t H t J 

conditions. This y w clearly satisfies all the requirements of the lemma. 
In the case of proposition b), if z is a norm from L w /K w , we may first 
change z to zNuNu 1 and so assume z - r 2 with r 1 - r, similar to case 
a) and then put N w = L W M W and y w = rs with s in M w but not in K w , 
N^Xs) = 1. On the otherhand if z is not a norm from L w /K w choose a 

quadratic extension M w /K w from which z is a norm z = N^ w (y w ). Then 120 
necessarily L w is different from M w and y w € K w so we are through. 



We shall now go to the proof of lemma 4 which is the only remaining 
thing to be proved for establishing theorem [a] a) for groups of type 2 A n . 
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Consider the diagram below 



M 




L 



K 



here M and L are quadratic extensions of K and N is the composite of 
M and L; we are given c e K* and our assumptions are i) the equation 
Ngl - cN^m is solvable locally; i.e. given a place v of K the equation is 
solvable with I eL®K v and m e M® K v ; ii) there is at least one place 
w of K such that Mk w is a field. We then want to assert the solvability 
of Ngl - cN^m globally, i.e. with / e L and m e M. Let G m be the 1- 
dimensional multiplicative group; consider L*,M* as two dimensional 
tori over K and let T = L* x M* be their product which is again a torus. 
Since Af is a splitting field for both L* and M* it is a splitting field T; 
consider a map T — > G m defined by (x,y) — > (N^x)(N^y^ 1 ). This map 
is defined over Af and using the fact that N splits T one can see that the 
map is surjective; Let T be the kernel; then T will be again a torus over 
K split by N. 



121 will be an exact sequence defined over Af; the ground field being of 
characteristic zero the homomorphism T — > G m will be separable; hence 
taking rational points over we get an exact sequence 



The homomorphisms involved in this sequence are g-homomorphi- 
sms where g denotes the Galois group of N/K. To any given place v 
of K we select arbitrarily a place V of Af extending v and keep it fixed 
throughout; the decomposition group of V depends only on v and not on 
the extension V chosen since N/K is abelian; hence we can denote it by 
g v : then g v will be the Galois group of Nk v ,/K v . Passing to A^-rational 



1 -» T -» T -» G m -» 1 



(1) 



1 T' N T N (G m ) N 1 
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points in (HJ we will get a commutative diagram 



T 

1 N 



(G m )N 



(G m )N. 



where the vertical maps are inclusions; here the rows are respectively 
g-exact and g v -exact sequences; and the vertical maps are compatible 
with the inclusion g v — > g; hence passing to cohomology we get the 
following commutative diagram: 



T K - 

f 

V 

Tk v 



K 

8 

■ k: 



H l ( gN/K ,T') 



H'{g v ,T') 



Now g(c) is in the image of a by assumption of local solvability of 122 
Ngl = cN^m; hence maps g(c) into ([T]) which implies that h maps 
/3(c) into ([U; the lemma is equivalent to proving that c is in the image 
of a, i.e. we have to show that /3(c) = (1): hence the proof of the lemma 
will be achieved if the product map H Y (gN/K, T^) —> Yl H(g v , T' N ,) is 

injective. But this we have proved in § 13.21 theorem[6]a). 

If finally (l v ,m v ) are finitely many local solutions and (l,m) is a 
global solution, then (a v ,b v ) = (l v l~ l ,m v m~ l ) are local solutions of 
Ngd = N^b. If we can approximate these by a global solution (a,b), 
then (al, bm) will be a global solution of our original equation approx- 
imating the given local solutions (l v ,m v ). Now it can be shown that 
every solution (a v , b v ) is of the form a v - c v N*d v , b v = c v N%fd v with 
c v € K v , d v e N <8> K v ; so we can put a = cN^d, b = cN^d with c € K, 
d e N approximating c v , d v . This completes the proof of lemma 4 and 
of theorem [a] a) for groups of type 2 A . 
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5.8 Proof of theorem la for groups of type C n 

By the classification given in 95.11 groups of type C„ are either the sym- 
plectic groups or the special unitary groups of hermitian forms over 
quaternion algebras. In the case of symplectic group the theorem is 
a consequence of 91.7[ Example [3] In the second case since the spe- 
cial unitary group coincides with the unitary group, we have to consider 
123 G = U n (C/K,h) where C is a quaternion algebra and h is a hermitian 
form. The proof for this case is given by induction on the integer n. For 
n - 1, U\(C/K, h) is isomorphic to a group of type A\ and by our proof 
for groups of the latter type theorem [a] a) holds for U\(C/K,h). Hence 
by induction assume theorem[a|a) is proved for unitary groups in (n - 1) 
dimension, n > 2. Let V be the vector-space on which the unitary group 
U n operates. This space V will be of dimension An over K. Let x be 
an anisotropic vector of V. Let h(x a ) = c where c € K*. Let U n -\ be 
the unitary group corresponding to the orthogonal complement of x ; let 
H = U n -\; consider the following commutative diagram: 



H l (K,H) 



H (K,G) 



Y\H\K V ,H) ^Y\H l (K v ,G) 



we have to prove that ft is injective; let (a) e H (K, G) be mapped onto 
(1) by (yS); then (3(a) is in the image of if/; hence by proposition Q] of 
§ ll.5l the twisted homogeneous space a (G/H) has a ^.-rational point for 
every v e oo; we shall prove that this implies a (G/H) has a ^-rational 
point; we shall also prove that xfj is injective. Granting these we apply 
proposition Q] of § 11.51 again; hence there exists (b) e H l (K,H) such 
that ip(b) = a; now ifj o a(b) = [3 o ip(b) = (1), so that by the injectivity 
of we have a{b) = (1); but by induction assumption a is injective 
hence b = (1) which implies a = (1) which is what is required to be 
124 proved; we shall now prove the two assertions made. The group G op- 
erates transitively on the sphere € vjh(X) - c| over K and H is the 
isotropy subgroup of x of this sphere; hence G/H is isomorphic to this 
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sphere over K; we can twist both V and h by the cocycle a since h is in- 
variant under all the automorphism a s , s e (K/K); let the twisted sphere 
be \x € V /h'(x) = c} which is then isomorphic to a (G/H) over K. Since 
a (G/H) has a ^T v -rational point for every place v of K the preceding iso- 
morphism implies that h'(X) = c is solvable locally at all completion 
K v of A'; now /j' can be considered as a quadratic form over K in An 
variables; this quadratic form over K represents the nonzero c locally 
at K v for all places v of K by assumption; hence Minkowski-Hasse's 
theorem it presents c globally in K and so a (G/H) has a ^-rational 
points. Next we shall prove the injectivity of if/; from the exact sequence 
1— > // — > G — > (G///) — > 1 of g% i K -sets we get exact sequence 

G Kv -> (G/flk„ -> ff 1 ^, A) -» H 1 ^, G) (1) 

Now the map Gjf v — > (G/H)k y is defined through the operation of 
G on the homogeneous space G/H; by lemma |2] of § 12.61 the opera- 
tion of Gk v on (G/H)k v is transitive; hence the map Gk v — * (G/H)k v 
is surjective which then implies by the exactness of (Q]) that the map 
h l (K v , H) —> H l (K v , G) is injective. Hence the map if/ is injective. 



5.9 Quadratic forms 



If G = Spin n , n = 3, by considering the Dynkin diagram we get isomor- 
phisms of G onto groups of type A m or C m so that theorem |a] a) is true 
for these n's. So assume n > 4; choose a non-isotropic vector x € V, V 
being the vector space on which the quadratic form is given; let 0„_i be 
the orthogonal group of its orthogonal complement; let H be its simply 
connected covering; then H is Spin M _ 1 ; for proving theorem [aj> we use 
induction on n; so assume the theorem for n - 1 ; consider the comutative 
diagram below. 



125 



(GfH) K 

f 



H (K, H) 

g 

I 
rl/ 



H\K,G) 



(2) 



n (g/h) Kv n h\k v ,h) n h\k,o 

veoo veoo veoo 
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Let (a) e H l (K,G) be mapped onto (Q]) by /j; then as in the dis- 
cussion of C n , a (G/H) has /f y -rational point for every v; now we have 
Spin/Spin n _j = S O n /S O n -\ = O n /O n -\ which is isomorphic to the 
sphere {x € V/Sf(x) = cj where c = 5f(x ); hence over K a(G/H) = 

j* € V'l&'tx) = cj where (V',^') is got by twisting (V,<£) by the co- 
cycle a; by assumption the quadratic form ( S' (x) represents c locally at 
infinity. Since n > 4 the quadratic form W(x) represents c locally at 
the non-archimedean completion of K as well; hence c is represented 
by W(x) locally in all K v ; applying Hasse -Minkowski's theorem %?'{x) 
represent c globally; hence a (G/H) has a ^-rational point; this implies 
the existence of b e H l (K,H) such that ij/{b) = a; then /3(g(b)) = (1) so 
that there exists c e Yl which a(c) = g(b)i; we shall prove presently 



that c can be so chosen that it is in the image of /; granting this there 
exists d € (G/H)k such that f(d) = c; then g(ip(d)) = g(b); by induction 
assumption g is injective so that b = ip(d); but then a = ip(b) = (potp(d) = 
(1) and so h will be injective; hence we have only to prove c can be 
chosen as required above. By the exactness of the bottom row in © two 
elements of Yi (G/K)k v will go into the same element under the map 



U(G/H) Ky -> n H\k v ,H) if and only if there differ by an element of 
]~[ Gk v as factor hence the fact that c can be chosen to lie in the image 
of / will follow from the lemma below: 

Lemma 1. Given elements x v e (G/H)k v for archimedean there exist 
elements u v c Gk v such that u v x v € (G/H)k and are the same for all v. 



Proof Here G/H is the sphere T = \x e VM(x) = c and so (G/H) Kv 



is the set of solutions of ^(x) = c rational over K v . By Witt's theorem 
(O u )k v = Ok v acts transitively on the sphere T; since x () e T we can 
find t v € Ok v such that x v - t v x a ; if t v is improper by multiplying t v on 
the right by a reflection in a plane containing x Q we can make product 
proper and t v x is not disturbed by this change; hence without loss of 
generality we can assume t v e S Ok v ; let a be the matrix of the quadratic 
form with respect to some basis; let x 1 = a'xa~ l for x € O n \ then 
xx 1 = 1 by definition of O n \ approximate the t' v s by a t e SOk and put 
x = tx so that x € (G/H)k and x - x v ; we shall now show that x is in 
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Gk v x v ', the orbit of x v under the action of Gk v is just (G/H)k,, by Witt's 127 
theorem; now Spin„ — > S O n is surjective and is a local isomorphism 
over K v since it is a covering; hence (Spin ;i )^ is local isomorphism; this 
homomorphism is compatible with the action of the Galois group g% i K ; 
hence forming the group of fixed points under the action of gK v /K v m 
the above groups we get a local isomorphism (Spin,,)^, — > (SO„)k v ; 
this shows that the latter map is surjective onto a neighbourhood of 1 
in (SO h )k v ', now by construction t v t~ l « 1 and t v t~ l e {SO„)k y hence 
t v t~ l is the image of some element u~} e (Spin n )K v under the above 
homomorphism; then x = tx () - tt~ l x v ; going back from T to G/H by 
the isomorphism G/H = T we get x = u v x v with u v e Gk v ', hence the 
lemma is proved and consequently theorem [a] a) is proved for the group 
under consideration. □ 



5.10 Skew hermitian forms over quaternion 
division algebras 

Write G = Spin n (D/K, h) where D is a quaternion division algebra and 
h is a skew-hermitian form. If n = 2 or 3, G is isomorphic to a group of 
type A\ xAi or A3 and the theorem is proved for these types. Hence we 
can assume n > 4. We can then carry out the procedure adopted for spin 
groups of quadratic forms almost word for word; for this we need to 
know the analogue of Witt's theorem, i.e. Given two anisotropic vectors 
x and y of the same length meaning h(x) = h(y) there exists a proper 
unitary matrix t transforming x into y; this we proved in § 12.61 lemma[21 

We also need to know the Minkowski- Hasse's theorem for skewher- 128 
mitian forms. This we shall state and prove as a proposition. 

Proposition. Let D be a quaternion division algebra over K; let h be a 
skew hermitian form in n > 1 variables over D; let c be a nonzero skew 
quaternion ofD; then is the equation h'(x) = c has a solution locally at 
all places vofK then it has a global solution. 

Clearly the proof of this proposition will complete the proof of the- 
orem [a| a) for G. 
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Proof of the Proposition. We shall first prove the proposition for n = 2 
and 3. Let V be the vector space on which h' is given. We shall con- 
struct a vector space V with a hermitian form h such that both V and V 
have the same dimension and discriminants and such that V = Wl{x ) 
with h(x ) = c. This is done as follows; first let n — 2. We shall find a 

skew quaternion b such that the reduced norm of L °j shall be equal to 

, d 

the discrimination d of V ; this is equivalent to requiring bb = — - . Ex- 
ec' 

pressing b in terms of a basis of D/K, bb 1 becomes a ternary form over 

i d 

K. Hence we require the form bb to represent — -. By the Minkowski- 

cc 1 

Hasse's theorem for quadratic forms it is enough to check the local solv- 

, d 

ability of the equation bb - — j. Now suppose x' v are the given solution 

cc 1 

of h'{x) = c at the places v of K. If D v y v denotes the orthogonal com- 
plements of x' v in V' K , then h(y v )H~ i y = dice 1 . This proves the local 
129 solvability of bb 1 = d/cc 1 . Hence as observed above it is also globally 

solvable with b e D. Then ( °| define a hermitian form h on a 2- 



\o c 

dimensional vector space V/D; clearly h represents the skew quaternion 
c. If n > 3 we can carry out a similar procedure using lemma|4]of § 14.31 
Let U n -i denote the unitary group of (W,h). By construction (V, h) is 
isomorphic to (V',h') over K. Let / : V — > V be this isomorphism. 
Then a s = f~ l o s f is a 1-cocycle of g^i K with values in U n (V), the 
unitary group of V. The discriminants of V and V being equal by § 12.61 
lemma [3] we know that (a s ) comes from H l (K, S U n ) so that we can as- 
sume a s e S U n . Let T = \x e V h(x) = c) , V = ixe V h'(x) = c) 



be spheres in V, V respectively. Clearly T is got by twisting the sphere 
T with the 1-cocycle (a s ). Our problem is to show that h'{x) = c has 
a global solution i.e. the sphere T has a A'-rational point. Now by 
lemma |2] of § 12.61 T is isomorphic over K to the homogeneous space 
S U n /S U n -\. Hence the sphere T is isomorphic to the twisted homoge- 
neous space a (S U n /S U n -\). The problem therefore reduces to showing 
that the latter has a /f-rational point. By § 11.51 proposition \T\ this is 
equivalent to proving that the 1-cocycle a s comes from S U n -\. The lo- 
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cal solvability of h'(X) - c implies that locally at all places the cocycle 
a s comes from S U n -\- Hence for the proof of the proposition we are re- 
duce to proving the following: given (a s ) e H l (K, S U n ) such that its im- 
age (b s ) in H (K v , S U n ), is contained in the image of H [ (K V , S U n -i) — > 
H Y (K V , SU n ) for all places v of K to show that (a s ) is in the image of 
H l (K,S U„-i) -> H l (K,SU n ). We shall prove this now. In the diagram 130 
below we write H\S U n ) to mean both H\K, S U n ) and H\K V , S U n ); 
let 1 Z 2 -> Spin,, -> S U n -> 1, 1 -> Z 2 ^ Spin,^ ^ S U n -\ 1 
be the covering maps. From these we get a commutative diagram 

H\SU n ^)^H l (SU n ) 

Sl 

, identity 

H\Zi) >H\Zi) 

By assumption 5%[fls) e Image of 5\ locally. We first consider the case 
n = 2. SU\ is a torus with a quadratic splitting field (See § !3.1I Exam- 
plelU). Spi^ being a covering of S Ui is again a torus with a quadratic 
splitting field. Clearly Sphij satisfies the condition of § l3.2l fheoreml6la). 
and so Hasse Principle for H 2 of Spinj is valid. Spm { being comutative 
the diagram above can be supplemented by the sequences 

H\SUi) ^ H\Z 2 ) ^ // 2 (Spi ni ). 

Since d2(a s ) e image of 6\ locally we have p(62(a s )) = {1} lo- 
cally at all places of K. By the Hasse Principle quoted above we have 
p(5(a s )) = {1} in H 2 (K, Spin^. This clearly implies 62(a s ) is in the im- 
age of H l (K, S Ui) by the map S\. Next if n = 3 the group S U2 being 
semisimple and connected the same conclusion holds by virtue of § 15.21 
theorem El Hence in either case we can find (b) e H'{K,SU n -\) such 
that 61(b) = 62(a). Twisting the whole situation by the cocycle b, we 131 
may assume 62(a) = 1, i.e. that the cocycle a comes from a cocycle 
b of the spin group. Now T = a (SU n /SU n -i) =2, (Spin n / Spin^.j). 
Hence we are reduced to proving the following: given an element b e 
H l (K, Spin M ) which comes from Spin n „j locally at all places of K, to 
show that b comes from Spin^j. We shall prove this now. We have a 
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commutative diagram 



(K, Spin^j) 



(*,Spin n ) 



7 



I 



n ^(^spin^)^ n h 1 



(K v , Spin„) 




If n - 2, Spirij is an algebraic torus so that by § 13.21 theorem l6l b) 
corollary the map /? is surjective. If n = 3, Spin 2 being connected and 
semisimple by theorem [b]) is surjective again. For n = 2,3, Spin n is 
isomorphic to a group of type A n so that by theorem[aD applied to groups 
of this type, which we have already proved, we find that y is injective. 
By assumption y(b) = h(c) for some c e Yi h {K v , Spin,,^). By the sur- 



jectivity of (5 lift c to 1-cocycle d of Spin,,^; then y{g{d)) - y{b). Using 
the injectivity of y we find g(d) = b, i.e. b comes from H Y (K, Spin M _ 1 ). 
This is what we wanted to prove. Hence the proposition is established 
for the cases n = 2, 3. 

Next let us consider the case n > 4. Let x v be the given local solution 
of h'(x) = c for v € S . Approximate the solutions x v , v € oo by a vector 
x € V and let W be a three dimensional regular subspace of V containing 
132 x. If the approximation is good enough the restriction h" of h! to W 
represent c locally for all v e oo. BY Lemma|4]of § !4.3l the same is true 
for v i oo. By the case n - 3, h" and therefore h' represents c globally. 

Another proof of this proposition, due to T . Springer, is given in an 
appendix. 

5.11 Applications 

Classification of quadratic forms 

Let <S be a non-degenerate form over any field K. Then H l (K, 0{^)) 
is isomorphic to the set of ^-equivalent classes of quadratic forms over 
K. The exact sequence 1— > SO ^> O — >Z 2 — >1 where O — > Z 2 is the 
determinant map gives rise to an exact sequence of cohomology sets 



K -> Z 2 -> H\K,SO) -> H l (K,0) -> H\K,Z2) 



5.1 J. Applications 
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Since Ok — > Z 2 is surjective in view of the existence of reflections 
we see that the map H l (K,SO) — > H l {K,0) has trivial kernel. By 
a familiar twisting argument we find that H l (K,SO) — > H l (K,0) is 
injective. 

The map H l (K, 0) -> H\K, Z 2 ) = K*/K* 2 maps a class of quadratic 
forms onto the quotient of its discriminant by that of q (by an argument 
similar to the proof of lemma [3] in § 12.6b . So H l (K, S O) is isomorphic 
to the set of ^-classes of quadratic forms of fixed dimension n and dis- 
criminant d. Among these let <£ be one of maximal index and consider 
the exact sequence 

1 -> Z 2 -> Spin -> SO — > 1. 
We arrive at an exact sequence of cohomology sets, 
Spin^ ->SO K -> H l (K,Z 2 ) -> H l (K, Spin) -> H x (K,SO) H 2 (K,Z 2 ) (2) 

The map SOjf -> H 1 ^) a i^7^* 2 is the spinor norm (cf. [E 3 ]). 

square 

Using the exact sequences 1 — > Z 2 G m > G m -4 1 we get 1 — > 

- multiplication by 2 

H (K, Z 2 ) — > > Ba: which is an exact sequence. Hence 

H 2 (K, Z 2 ) is isomorphic to the subgroup of elements of Bk which are of 
order 2. The map H\K,SO)^> H 2 (K, Z 2 ) is called the Hasse-Witt map 
(cf. [sp]). Hence we have found three invariants of a quadratic form 
namely i) dimension of <S ii) discriminant of ^ Hi) the Hasse-Witt 
invariant. 

We claim that over a ^-adic field K these invariants completely 
characterise a given ^-equivalent class of quadratic form. This follows 
immediately from the result H l (K, Spin) = {1} of chapter 0] the exact 
sequences (2), and a twisting argument. 

Quadratic forms over number fields. 

We shall show the connection between theorem 1 and the ordinary Hasse 
principle for equivalence of quadratic forms. We shall assume first n = 
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dimW > 3, we have a comutative diagram with exact rows: 



H [ (K,Z 2 ) 



H [ (K,SO) 



H 2 (K,Z 2 ) 



EI H l (K v ,Z 2 ) ^ EI , Spin) ^UH l (K v ,SO) ^X\H 2 {K r ,Z 2 ) 

VGOO VGOO V V 



134 We want to know if is injective. By the splitting criterion for 
simple algebras (in fact quaternion algebras) the map A is injective. By 
theorem[a]) the map a is injective. We claim that A is surjective; this is 
because H {K V ,Z£) = K*/K* and A surjective means that we must be 
able to find an element of K with prescribed signs at the real places. This 
is clearly possible. Hence by lemma[T]of 95. li the map ft is injective. 

det 

Next using the exact sequences 1 — > S O — > O — > Z2 — > 1 we get a 
commutative diagram. 



1 



1 



H l (K,SO) 



H\K,0) 



EI H\K v ,SO) n H\K V , O) 



H l (K,Z 2 ) 



Y\H\K V ,Z 2 ) 



By what we showed above ft is injective; by algebraic number theory 
if an element of K* is a square at all places of K, then it is a square in 
K. This shows that y is injective. Hence again by lemma [T] of 95.1l we 
see that a is injective. This is what we wanted to prove. If V, V are 
two quadratic spaces of dimension n < 3, which are isomorphic locally 
everywhere, let W be a (3 - n) -dimensional space. Then (V ± W) v = 
(V ± W) v for all places v. By what we have just proved V ± W = V ± 
W, and Witt's theorem implies V = V 



Skew-hermitian forms over a quaternion division 
algebra 

If we try to carry over the above investigations to skew hermitian form 
135 over quaternion division we find some differences. Let D be a quater- 
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nion division algebra over K, either a ^-adic field or a number field, h 
a skew-hermitian form over D, and U the unitary group of h. Then the 
norm mapping U — > Z2 gives rise to the discriminant map H l {K, U) — > 
H x {K,Zi). Next the exact sequences 1 — > Z2 — > Spin — > 5 £/ — > 1 gives 
rise to the cohomology sequence 

Spin^ -*SU K -* H l (K,Z 2 ) -> H l (K, Spin) -> H\K,SU) -> H 2 (K,Z 2 ) (4) 



We proved in 92.61 lemmata) that St/;?- = t/j?-; using this in the 
exact sequence 

CSt/)r -^U K ^Z 2 ^ H\K,SU) -» H\K,U) -> H l {K,Z 2 ) 

we find that Z2 — > H l (K, S U) is injective; now let K be a ^"-adic field. 
Then we saw in §l4TT1theorem[T1that ff 1 ^. Spin) = {1}. Using this in © 
we find that there is an injection H (K,SU) — > H 2 {K,Z2). But in this 
case we have seen H 2 (K,Z2) = Z 2 . Hence we have H 1 (K,SU) = Z2. 

This shows that in ((U) the discriminant mapping H l (K,U) -> Z/ 1 ^, 

2 

Z2) = K* IK*' has trivial kernel; by a twisting argument the discriminant 
map is injective. Hence a complete set of invariants are the dimension 
and discriminant (cf.[J], [Ts]). 

In the case of number fields the injectivity of the map H 1 (K, SU) — > 
]~[ H l (K v , S U) follows as in the case of quadratic forms but if we try to 

V 

apply the argument leading to the proof of the Hasse Principle we find 
the following diagram 



H ] (K,SU) 



y 

n Z 2 _ n»i 



Y\H l (K v ,SU) 



■H\K,U) 



H [ (K,Z 2 ) 



I\H 1 (K V ,Z 2 ) 



where 5 is the set of places v at which the quaternion division alge- 136 
bra D does not split. From this diagram it is not possible to prove the 
injectivity of H l (K, U) — > Y\H l (K v , U). In fact Hasse principle for 

V 

skew-hermitian form is false. We shall prove this statement now. 



102 



5. Number fields 



Let V be the n-dimensional vector space over D on which h is de- 
fined. We want to rind the number of (V, h'), where V is a «-dimensio- 
nal vector space over D and h' a skew hermitian from over V such that 
(V, h) = (V, ti) locally everywhere but not globally. We need a 

Lemma. Let (V,h) = (V',h') locally everywhere; let W be any hyper- 
plane in V, i.e. a subspace of dimension n — 1; assume W to be non- 
degenerate. Then V contains a subspace W isometric to W. 

Proof. We shall apply induction on n; for n = 1 the result is trivial. So 
let n > 2; by induction assume the result for all spaces of dimension 
< n — 1. Let a € W be a vector such that h(a) + 0; consider the 
equation h\x) = h(a). This is solvable locally at all places of K since 
(V, h) = (V',h') locally everywhere. By the proposition of § 15.101 we 
know that the equation has a global solution; let a e V be such that 
h\a') = h(a). Write W = Da ± W\, V = Da ± V\ and V = Da' _L 
137 V\; since Da = Da' by construction and V = V locally everywhere 
by assumption, applying Witt's theorem we find that V\ = V[ locally 
everywhere. Clearly W\ c V\, and is a non- degenerate hyperplane. 
Hence by induction assumption V[ contains a subspace W' { which is 
isometric to W\. Then clearly W' — Da J. W[ is a subspace of V 
isometric to W. This proves the lemma. □ 

In the notations above write V = W ± V, V = W ± V 1 . By 
construction W = W. Hence V = V locally everywhere if and only 
if V = V' locally everywhere. This reduces the problem of finding the 
number of (V l ,h l ) which are isomorphic to (v, h) locally everywhere 
but not globally to the case of 1 -dimensional spaces. So let us assume 
dim V = 1 . Then by § 13. II Ex ample 0] S U is a torus with a quadratic 
splitting field. Hence by § 13 .21 theorem l6b) the Hasse principle is true in 
any dimension. We then have a commutative diagram with exact rows: 

1 ^Z 2 ^H l (K,SU) ^H l (K,U) ^H [ (K,Z 2 ) 

P 1 r 

| | | v 
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Consider ker(tA). Since p is injective any element of ker(y) comes 
from H l (K,SU). Hence kery = ker(yg)/Z2 since Z2 c ker(yg); this 

implies kery = ker(tq)/Z2 = q~ l (u( Yl Z-i^jZj. 

veS 

Let X = Hom(G m , S U). Since S U is a sub torus of the multiplicative 138 

group of D, for any v e S the decomposition group gL K ,/K v acts non- 

trivially on X. So we have H l (K v ,SU) = H~ [ (g LiJKv ,X) = Z 2 and 

u( ]~[ Z2) = ]~[ H l (K v , S U). By § !2.2l we have the commutative diagram 

veS veS 
with exact bottom row 

Here a and b are surjective since gL/K is cyclic, and H~ l (gL/x, X) = 

Z2. So q is injective and the cardinality of g^dl H^ l (gL w /K v ,X)) is 

veS 

equal to the cardinality of Yl H~ l (gL w /K v ,X) divided by that of its im- 

veS 

age under b, i.e. equal to 2 s ' 1 if S contains s places. Hence ker(y) 
has 2 s-2 elements, i.e. there are exactly 2 S ~ 2 classes of skew hermi- 
tian quaternionic forms which are locally isomorphic but not globally. 
If s > 2 then there are skew hermitian quaternionic forms which are 
locally everywhere isomorphic but not globally. 



(BH-\ gLw /K v ,X) -?-»• H~\g L/K ,X) 



H l (K,S U) >■ ®H l (K v , S U) 

A A 

H\g L /K, x ® l*) m\ gL jK v , x ® l;) 

A 

1 (gL/K, X ® W) — © v ^- 1 ( gLw /K v , X) >- H 1 (g L/K , X) 
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Hasse's theorem for skew-hermitian forms over 
quaternion algebras 

139 

Theorem 15.3.31 below is equivalent to the proposition of 95.101 The 
following proof was obtained in 1962. It differs from the proof given in 
the lecture notes in that it uses besides algebraic and local results, only 
Hasse's theorem for quadratic forms. 

1. Algebraic results 

Let k be a field of characteristic not 2. Let D be a quaternion algebra 
with centre k. D is either a division algebra or is isomorphic to the matrix 
algebra M%(k). We denote by A — > A the standard involution in D, by 
D the set of all A e D with A = -A and by (D*)~ the set of invertible 
elements in D". N is the quadratic norm form in D and N(x,y) = N(x + 
y) - N{x) - N(y) the corresponding symmetric bilinear form. Let V be 
a left D-module which is free and of finite rank n. Let F be a skew- 
hermitian form onVxV with respect to the standard involution in D. 
So 

F(x,y) = -F(y,x), F(x,x)eD (x,yeV). 

Take any basis (v;)i<,<„ of V and consider the matrix M = (F(vt, 
Vj))i<ij<„ with entries in D. The reduced norm of M in the matrix al- 
gebra M n (D) is an element of k, whose class mod (k*) 2 is independent 
of the particular basis. F is called non-degenerate if M is non-singular. 
We assume henceforth F to be non-degenerate. Then the element of 
k*/(k*) 2 defined by the reduced norm of M is called the discriminant of 140 
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F and is denoted by 6{F). 

An element x e V is called non-singular if the submodule Dx of V 
is isomorphic to D. This is equivalent to the following: if we express 
x in terms of a suitable basis of V, then one of the components of x is 
invertible in D. We say that F represents zero non-trivially if F(x, x) = 
for some non-singular x. One has the usual results about existence of 
orthogonal bases in V etc. 

We next describe some algebraic constructions. Let A e D be such 
that K = k(A) is a quadratic semi-simple subalgebra of D. Let /i € D* 
be such that N(A, 1) = N(A,/j.) = 0. Then any element p of D may be 
written in the form p = £ + rjfi with ^,rj e K. We have p = | - rjp and 
p?7 = 77^(77 e K) 

F and V being as before, we can then write 



where G{x, y), H(x, y) € K. It readily follows that H is a non-degenerate 
symmetric bilinear form on V, considered as a ^-module and that 
G(x,y) = -G(x,y) = -H(x,fiy). Define the discriminant class d(H) e 
K* l(K*) 2 in the obvious way. Let if be the homomorphism k* /(k*) 2 — > 
K* l{K*) 2 induced by the injection k -> K. 

Lemma 5.1.1. d(H) = (f(6(F)). 

Proof. Using an orthogonal basis of V with respect to F it follows that 
it suffices to prove this if V = D, in which case an easy computation 
establishes the assertion. □ 

141 Suppose now that D - M2(k). If A € D we denote by A\ and A2 the 

upper and lower row vectors of the matrix A. Identifying V with D n , we 
may write x e V in the form x = (^), where x,- e fc 2n . It is easily seen 
that if F is any non-degenerate skew-hermitian form on V, we have 



F(x,y) = G{x,y) + H{x,y)p, 



(1) 



'/(Xi,X 2 ) -/(Xi,Xi) 



F(x, x) = 



(2) 



f(x 2 ,x 2 ) ~f(xi,x 2 ) 



where / is a symmetric bilinear form on k , whose discriminant class 
is 6(F), so that / is non-degenerate. 
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Lemma 5.1.2. F represents zero non-trivially if and only if f has Witt- 
index > 2. If this is so, there exists x in D n such that F(x, x) = and 
that any given component of x is invertible in D. 

Proof. The first assertion is readily verified, using the relation (O be- 
tween F and /, □ 

Now suppose that the following holds: if F(x,x) = o, then the first 
component of x e D" is 0. For / this means that there exists linearly 
independent vectors a, b e k 2n such that 

f(x u a)f(x 2 ,b) - f(x u b)f{x 2 ,a) = 0, (3) 

whenever f{x\, x 2 ) = f{x\,x\) - f(x 2 , x 2 ) - 0. 

If the index of / is at least 2 we can find for any two x\,x 2 € k 2n 
which are isotropic with respect to /, a y € k 2n such that f(y,y) = 142 
f{x\,y) = f(x 2 ,y) = 0. This implies that (J3]) holds for all pairs of 
isotropic vectors x\,x 2 . Since the isotropic vectors of / span the whole 
of k 2n , it follows then that © holds for d\\x\,x 2 e k 2n , which contradicts 
the linear independence of a and b. 

This establishes the second assertion. 

2. Local fields 

Assume now that k is a local field, i.e. complete for a non-archime- 
dian valuation, with finite residue field. With the same notations as be- 
fore, we then have the following result. 

Lemma 5.2.1. (a) If rank V > 3, then F represents non-trivially; 

(b) If is a division algebra, the equivalence classes of non-degenerate 
F are characterised by their rank and 6(F); 

(c) There is exactly one equivalence class of anisotropic forms of rank 
3. 

Proof. For the case of a division algebra D see [22]. If D is a matrix 
algebra, this follows from the known properties of quadratic forms over 
local fields, by using the relation (f2]) between F and /. □ 
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Lemma 5.2.2. If rank F - 2 then there exists a e k* with the following 
property: any non-singular A e D~ with N(A) £ a(k*) 2 is represented 
byF. 

Proof. This follows from lemma l5^2.1l (c). □ 

We now assume D to be a matrix algebra. Let o be a maximal order 
in D. 

143 Lemma 5.2.3. If ^\,a\^\ + ^2 a 2^2 is a skew -hermitian form of rank 2 
such that ct\ and a2 are unite in o and that N(a{)N(a2) is a square, then 
this form represents any non-singular A e D~. 

Proof, o is isomorphic to the subring of M2(k) whose entries are in- 
tegers of k. using the corresponding representation © of our skew- 
hermitian form, we see that / is now a quadratic form in 4 variables 
over k, with integral coefficients, whose discriminant is the square of a 
unit of k. Such a form is known to have index 2 (see [12j §9). Lemma 2 
implies that F represents non-trivially. It then represents all elements 
of D~ (this is proved as in the division algebra case). □ 

3. Global fields 

Now let k be a global field of characteristic not 2, i.e. an algebraic 
number field or a field of algebraic functions of dimension 1, with a 
finite field of constants. Let D be a quaternion division algebra with 
centre k. For any place v of k we denote by D v the algebra D % k v over 
the completion k v . D v is a division algebra for a finite number of places 
v, by the quadratic reciprocity law this number is even. 

Let V and F be as in nr. 1. We put V v = V ®k k v , this is a free 
D,,-module. F v denotes the skew-hermitian form on V v defined by F. 

Lemma 5.3.1. Suppose that rank F — 2 and 6(F) = 1. There exists a 
finite set S of places of k such that for any v € S and any A € D~ the 
equation F v (x, x) — A is solvable with x e V v . 

144 Proof. Let F(x, x) = <;\a\t;\ + ^2«2^2- with respect to some basis of V. 
Let o be a maximal order in D and take for S the set places consisting of: 
all infinite places; the finite places for which a\,ct2 are not units in the 
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maximal order o of k v , defined by o; those for which D v is a division 
algebra . S is finite. By lemma I5T2.3I it satisfies our requirements. □ 

Proposition 5.3.2. Let A e (D*)~. Suppose that for all places v there 
exists x v € V v such that F v (x v , x v ) - A. Then there exists x e V and 
a e k* such that F(x, x) = a A. 

Proof. We put K = k(A). Writing F in the form (HJ, our assumptions 
imply that the quadratic form H(x, x) represents non-trivially in all 
completions of A'. By Hasse's theorem for quadratic forms H(x, x) = 
has a non-trivial solution x in the /T-vector space V. This is equivalent 
to the assertion. □ 

We come now to the proof of Hasse's theorem for skew-hermitian 
quaternion forms. 

Theorem 5.3.3. Suppose that rank F > 3. If F v represents zero non- 
trivially for all places v, then F represents zero non-trivially 

Proof. Let n = rankF. We distinguish several cases. □ 

(i) n = 3. We first assert that under the assumptions of the theorem 
there exists A e D~ such that d(F) = N(A)(k*) 2 . Such a A is a solution 
of a ternary equation N(A) = a. By Hasse's theorem for quadratic forms 
it suffices to verify that this equation is everywhere locally solvable. 
Solvability for the places v where D v is a matrix algebra is clear (since 
Af is then isotropic on D^). If D v is a division algebra, the assumption 145 
that F v represents non-trivially implies that F v can be written, after 
a suitable choice of coordinates, in the form ^\a£,\ - £2^2 + £3/^3- 
It follows that 5(F(k* v ) 2 = N(J3)(k* v ) 2 . Since yS e D~, this implies the 
solvability for all places. 

We fix such aAe D~ and let K = k(A). Write F in the form ©. Our 
assumption imply that the Witt-index of the symmetric bilinear form H 
is > 2 at all places v of K. Hence the index of H is > 2. by Hasse's 
theorem. Also -A 2 = N(A) € 6(F). by lemma 15.1.11 it follows that 
d(H) = -(K*) 2 . This combined with the fact that the index of H is at 
least 2 implies that the index of H equals 3, i.e. H is of maximal index. 
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Consider now V as a 6-dimensional vector space over K.fi being as 
in nr. 1, put Tx = fix. This is a semi-similarity of H (relative to the non- 
trivial ^-automorphism of K) and T 2 x - fi 2 x. What we have to prove is 
that exists a non-trivial solution of 

H{x, x) = H(Tx, x) = 0. (4) 

Take a three-dimensional subspace W of V, which is totally isotropic 
(for H). If TW n W + (0), any non-zero x in this intersection satisfies 
©. Assume now that TW n W = (0). Then V is the direct sum of W and 
TW. Let // be the hermitian form on the 3-dimensional ^-vector space 
W defined by 

H\(u,v) = AH(u, Tu). 

146 It then follows that the solvability of © is equivalent to the existence 
of u, v € W, not both 0, such that 

H l (u,v) = H l (u,v)+fi 2 H l (v,v) = 0. (5) 

Let p € k* be an element in the discriminant class d{H\) of H\. If 

Hi(w,w) - -pp. 2 (6) 

has a solution w e W, then an orthogonal basis u, v of the orthogonal 
complement of w in W will give a solution of (f5]). 

So it suffices to prove that © is solvable. Now the values H\(w, w) 
are those of a 6-dimensional quadratic form g over k, so that we can 
prove the solvability of © by using again Hasse's principle for quadratic 
forms. For finite places v a 6-dimensional form represents everything 
(since then the Witt-index is positive), so we have only to consider an 
infinite place v (hence we may take k to be a number field). If v is 
complex there is no problem. If v is a real place of k which splits in 
K, g v is easily seen to be an indefinite quadratic form over k v , which 
represents everything. So let v be a real place of K such that K v - K<8>kk v 
is complex. If H\ is indefinite © is solvable. If not, the solvability of © 
in W v (which follows from the assumptions) implies that fj 2 is negative 
in k v . Then -pfi 2 is positive or negative in k v if H\ is positive or negative 
definite, hence can be represented by H\. This settles the case n = 3. 

n 

147 (ii) n > 4. Take F in the form 2 ^a^i- We first prove a lemma. 

!=1 
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Lemma 5.3.4. Let v be a place ofk. 

(a) There exists 8 Y € D~ such that the equations 

giaigi + fraiii = <5v (7) 

^ fail i - -5 V 
i=3 

Ziave a solution in (D v )". 

(b) The 6 V e (D*)~ for (0 jj solvable form an open set in (D*)~. 

Proof of the lemma. 

(a) is a consequence of lemma [52. 11 (a). to prove (b) one observes 
that solvability of © depends only on the coset modulo (k*) 2 of N(6 V ) 
and that (k*) 2 is open in k*. By proposition l5.3.2l there exists A e k* such 
that 

n 

(=2 

is solvable in D . It follows that we may take «2 = Aa\, so that in 
particular N{a\)N{a2) is a square. 

Now consider the global counterpart of {/J) 

£l«lf 1 + £2<*2& - 5 
n 

£ fail = S (8) 
i=3 

We wish to prove that there exists 8 € (D*)~ such that © is solvable 148 
in D n . This will prove the theorem. 

Let S be a finite set of places of k with the property of lemma |53.1| 
for the skew-hermitian form £i<*i£i + £20^2 • For each v € S we let £ v 
be as in lemma l53.4l (a). We take £,- v € D v such that 



/1 

^giva&v = -S v (v € S). 

!=3 
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Approximate the £ ;v simultaneously by & € D such that, putting 

<5 = - ^ ftOfifi, 
t=3 

we have 5 e (D*)~ and that the equations © are solvable in D" for 
v € 5 . In particular, the first equation (O is solvable in D 2 , for v e 5 . 
But by the choice of S , this equation in also solvable in D 2 , for v € 5 , so 
that by the case n = 3 of the theorem (using the second part of lemma 
15.1.21 ) this equation has a solution in D 2 . Then we have a solution of © 
since the second equation ([8]) is solvable by the construction of 6. 

4. The case n = 2. 

For n = 2 Hasse's principle for skew-hermitian quaternion forms is 
no longer true 

Representing by a skew-hermitian form rank 2 is tantamount (by 
the second part of lemma l5T.2b to solving an equation for p e D of the 
form 

pAp - X 

149 with A, X e (D*)~. 

Using proposition |5.3.21 we see that in investigating Hasse's princi- 
ple we may assume that A' is a scalar multiple of A, so that we have to 
consider an equation 

pAp - tA (9) 

with A e (D*)~, e k*. We first investigate such an equation for an 
arbitrary D. Put K = k(A), let p be as in nr. 1 © is then equivalent 
to 

qAq 1 - N{qY 1 tA, 

which implies that either g e K, N(g) = r, or g € Kp, N(g) = -N(p)~ 1 T. 
One concludes from this that © is solvable if and only if one of the 
following equations is solvable in K 



NkiM = -N(py l T. 



(10) 
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It is easily seen that D is a matrix algebra if and only if -NQi) € 
Nk/1c(K*). This implies that the two equations (ITOb are both solvable or 
not if D is a matrix algebra and are not both solvable if D is a division 
algebra. If k is a local field or the field or real numbers and D a division 
algebra, the fact that k* /Nk/1c(K*) has order 2 implies that precisely one 
of the equations (ITOb is solvable. 

Form the previous remarks one deduces the following facts about 150 
the equation (fTOb for the case that D is a division algebra over a global 
field k. We denote by (a,yS) v the quadratic Hilbert symbol. Let S be the 
finite set of places such that D v is a division algebra. Solvability of (J9J) 
in all D v is equivalent to 

(t,A\ = lforvg S, 

solvability of © in D is equivalent to: 

either (t, A ) v = 1 for all v, 

or (r,fi 2 A 2 ) v = 1 for all v. 

From this it follows that the 1-dimensional skew-hermitian forms 
over D, which are equivalent to a given non-degenerate one at all places 
of k, form exactly 2 equivalence classes (s denoting the number of 
places in S). 
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